Assignmen-} -1
Alaebraic Topolegy
TrisHAN Monpal (Bmat ziuy)

(1) Let n e Nyp and N :=(0,0,---,1) € S™ be the north pole of S”. Prove
that the stereographic projection

Sn:S"N{N} >R"

(:Bl: '"1In+]) g
is a homeomorphism.

“Broo!- % 5"\INS — R", Aince, Tl{oén= 7"’2 for s€{y.m$
ey

S0, oSy, 4% Comttnuous Hov  $5=1,--M  and Yence 5n

1S Continuous:
IYHOCC'HV?"G : Lre}y 6n (zb"'j ZV)-H’) = 6n (\jl )y jﬂﬂ)
S L (%) = L ()

[~ Yt | =Y nr
9L 2 2
(faking novm) = 1oFm = |- Ym
(1= 2m)® (1=Yp)*
l+xV|+ | ) ¥ ot |
= | — it I= Yy
2 o 2 —Ywnten = 1= % Py — Yt
+ Xk = Y |

= 'x-':j; A i=1.-0, M)
60, Sn Cz—h--’"; xn'r\):" 5l'l (3\) - "Jn+|> =2 (X; ;----JXn-H) = (\1| )T ‘1714'!)

Swrj'ecﬁij: Led, Cuyeey 2n) €R” then, (2%, 2%, Wxi]) . gn
e )f® +1

Now , Sn (2113..-.,2&., )i ) ) = fa0%%) (2)(“_..,2214) = (%, .-t
0212y 2 M| %4 |




let; DhiR"— &"\N  defined os Tollowsing,

On CX{, ey Zn) = ( Xy .- -5 2y, )\lel—l)
1?41

Aﬂ@fﬂ We. Can See; T30 Oy (%5-->%0) = _2%1 For t=i5m

Nz >+!

ond.  Th.e0n (%,-» )= HI’U}:-’I , We Continuous and hence
Wxl)* +)

On 15 Continmous:  Swgfictividy of On is  folawed by Looking
akr Sno Oy = IO[;R\A . Now, we wil Cheek ?YH‘eC_HVHﬂ/
OTC"%---) Z.y,)? G (M- - '7‘ﬂn)

> (qaq,-._.,zzh,l)lel—} = (aMy 5~ - 22 Yy M4I-1) R
Izl %+ g+ |

Com. iy =[x o -

OHP% Coordivate I i+ Jyut+|
S =g B ()= (et
0, Dy & dlso bijective and Comtinusus. Ne also
Can See that Svo0y = Id)gh and  Orosn = Td gn\y
50, Sn 1S homeomorphism- L

(2) For a topological space X, let ¥X := X x [-1,1]/ ~ denote the
suspension of X, where ~ is the equivalence relation given by (x,1) ~
(y,1), (x,-1) ~ (y,—1) and (x,t) ~ (x,t) for all z,y € X and t €
[-1,1]. For n € N, show that the following map is a well-defined
homeomorphism:

ZS?L N Sn+1
[z,t] » (V1-1t2-z,t).

Breols Let, T:S%ELT]— 5™ defined by
(%, %) b= (18 2, &)- We Can Sasily ge Hat

1T 18 Conttmuous on bote  Coovdinaies and hence
T Continuous ’ﬁma&?m-

£




NoW, We Wil Shew thet 1T Ts  Swiective-  Lek,

(o) %5 Ty Tnn) € S Lot 2= oy yzn) and 1l = (222"
Hen We Can easily Verify that

W(%‘Eﬁ’*"“) = (%y-y oy, 2n) ) Whenever |Zynl#1.
TP =L, TT(x 1) =(0/1) and i€ Zwi=-1, Then TT(x-1)= (o)
holds v any Xé an
Clearly, T fsa Swijective Conttnucus SAE] —— 28
mop From Compact  Space 1o Heusdorf Wl T4

gl

Sace, ly * Closed map Lemma” we Can

Say, ¥ a quotient wmap

H leb 058" —= M Sueh Hhat Cxwl > (FExt)
7#  We Can Nerify that, T is  Costant  on the
fibre of quotient map Tt Sx[yi] — 373 e Can
also  Qep that 009,=T ie¢. 4he diaqramm  Commuies.
B& universal propes+y of quetient map 29" g 103 The.

howmeomerpiism 07 |

(3) A subspace X ¢ R" is said to be star-shaped if there is a point xp € X
such that, for each x € X, the line segment from z¢ to x lies in X.
Show that if a subspace X ¢ R" is locally star-shaped, in the sense
that every point of X has a star-shaped neighborhood in X | then
every path in X is homotopic in X to a piecewise linear path, that
is, a path consisting of a finite number of straight line segments
traversed at constant speed. Show this applies in particular when X
is open or when X is a union of finitely many closed convex sets.

"Proof: Belsre pr'c\!i’n& the Man Gatemet We  Want To



note, if Uis Star Shaped 4rom %o, Fhen ang
Pate Y L] =V, with Yl)=% . Y(H=Y Is ho'YnO'fUPTC 1o te

Toint Aine Sejmerd' of %, and Zo\Lj- "The homotopy
Canbe Ochive A 103 hl&ﬁv\j Line /gwma'?a}?'j.

Let, K:T>X be a path on X- Let, U be the

Set Condauntn dlt) And Shot Shaped: We Can Se +hq+,
oa(x) ¢ U Uy
ter
Since, ACI) 36 Compact, There $¢ findtely wony, ¢;el
Such that UUt 2o (T)- (Where, +o4 Ly Ctn

1=0

avie. ordeved » Now, the pretmy L U A'(U:) Wil give us
a pattition of The ‘njerval T log OPm tterval (as Uy, ae
open ard path Cmnected)
Let, Pro=10d 0l t) <4< <4l Apq < tn=l, be portition o
where, x(Xi)e U, N Up-

Let, : = o(l[h,x-‘j and D( = D(‘Ex‘,t,ﬂ"_[ $=0y 1550,
Fov Jeneral putpose ety er.,u/ denote the Joint Seqment” (1), (4,%)
Ry the Pprevious property we distused, X7 i homotopte
P Ly aog ad Xi i homobpie o Loy b
Lety, H; g hamphspa from of; o L andk Hs is

o (tg ),o<(>a)

L\o-mo-l-o[bﬂ Tom & o LO(L"C‘.),N(,HH.)
e Can Construct a hami'cs‘ptj from o to Plece wise

BE‘ Zﬂutna lemma

X[V\eav PCl'H/L JZ») '('ll_—%.”,om]: L‘O(L':ﬁ;),o((kp,,) and /t)&u"«] ()X ()
[

# Thete e Spoce Wok  Sfar Shaped aof %o




Aince X< R has SubSpace 'f’GPO\ogj from K,
We Can Say £ Xis open Tn XS lecally St Shaped
(Cowex iIn ﬂemmo
and € X3is  Finite undom of Cleced  CoweX Sef

o also focally Star Shaped Thaws by previous  Part

e arne  Jdamel

(4) Let f: X - Y be a continuouus map between topological spaces.
The mapping cone of f is defined as the pushout

L

Cone(X) — Cone(f),

where i : X - Cone(X) = X x[0,1]/X x {0} denotes the inclusion
z ~ (z,1). Show that Cone(X ) is contractible. Further if f is a

homotopy equivalence, Cone(f) is contractible.
C(f)
Proof: e will show that Cae (x)
i bk cpiviont  ve /(D /
Congtant map at CCuo]. The

hamo‘l'opj e given bt\»jg
H. (one(X)xT —+ Cone(x)

Which maps  ([x]s) o L%, 9], H(wl o) =[ut]
and H(Dut]) = [xe].

o e thie part we meed o +alk albosut-
Hemotapy  exiension propesty  OF * Coftbrtatton”
A map Tt A—X 16 Said o ke Coftbriation
¥ We Can extend any homotopy, on other

WdL Theve ex3ct a hometopy  ht xxT —>Y
e ol ou?mé\ cl»agramm Commutes,




Lo
Ne claim Hhat: 12 X —— X g a colbration.
Trofs  Let, Zic oamother oplogical — XxT
Spate. With o hometopy Gt X<I—Z. ,‘,lho Zﬁ/ili’”d
Define he Hrom CX—> L Such Hhat, Cx/ :;\CXxI
hoi = G(—0) and ho ([%17)=%-
Fom heve, WHe Want 1o Congtruct
O homolopy  h: CxxT— % Lets define, A= (Trin)v(en)
let, H: Xx A— 7 by, g(x,gpc?)'—‘l’\a([’hs_]) and >
Hion)= Gles) and ACnk) =Z. T ¥e TxT—A % he

retracton Hhen We Can defne, H: XxTAL—>Z which

© edension of H defned by, H(xot) = H (2 vsw),

Notice Hhat, CXxT = (XxT/ xxfis)5T 2 XxTxT / (21,00me , ue)
Thus we Can Ppass H through  quettent wop  to get «
ynop Bt xx1—Z and h(mxeit) 3 4he desied homotopy- O
Since, £ i L\mnojrcr?j €quiNalance Theve 35 o map

8:Y—>X Sugy  Thait, ZO'F ~ Tdx X 5 I
s \ H .

qu hJVYlD']'U'Pj B 6%&) X > o chx‘d\\ X/L 1
Cx > CX xT

s Coﬁbﬂaﬂo‘n We Can have Gi CxxT-Cx G
— j.GH

as Ahoton tn The Comnudative d‘{njram» ”D%aﬁmm 1



We Can notice Fhat, X f

H (20)=Tdy and hence, 5l X ) X't
G (2 0)=Tdy- let  Gme X = i

Gi=G(~1)- We Can

Show The majeYH-a, N e d d’:jram togram 2

Cammutes. This 35 becuse From

d'pajraml we Can Cer, Te9of = Gyol- By the Propery

of Pushoutr Theve is o U'mfc[ue. map £1 Coe £ — Coux.
We Can Se, fof=G, Whith % hmso-l'ap?c e Iovc,x-

We Can do e Same for Fofo Thue we have

Shown  ConeXx and dmef |lae  Same  hemotopy
ype.  Since  CouX & Contmockible  Comef is also

CantracHble-

?evngggf For Omg Pu,shaui olfajw’a'mqs —%Llcruoinj with
f,beinj CO]PU(D‘]CL‘I'T.O'YL; it fic  homotopy equiv

So ;s T R

S
?efemvﬁes .

1] fo*r\ctse (ourse in A—\jebm'ic -Jc?ohﬂ'j . 'J-F.Maj (ehe)
2] Tl;PoIogfj and Grapoid : Konald Browm. (ehF)




(5) Show that for a space X, the following three conditions are equivalent:
(a) Every map S! - X is homotopic to a constant map, with image
a point.
(b) Every map S' - X extends to a map D? - X.
(¢) m(X,xp) is trivial for all 2y € X.

Proofs ()= (6) Let, Fi'sX be the homotspic o
o CansHant map- Let, HiS%I =X be the hemotopy W 5th
H(at) = ) and  H(z0)=C ( Congtant map witi frege

%) Cmsider, 37 ¢'xT — S"‘I/s‘xso; g XIQH—+ X
be the Ctl,wﬁen—} ™map - Notice that +

H(gx508) = 2 (a Costant) o, we Can S,ZI/S'XP'}
passthe  quotint trough ¥, 1-¢1 F 1 $¥T/seps —rX
Such that —the  above o?,(aﬂm“mm Commudes. We Can-
Note That ﬂfﬁ‘xil}f = H(,S‘XS'S)'—')F- Heve, S‘XI/S’KQOS
is  homeomerphic to D
) =€ |op, W€ T (%) ) then Vi§'—> X and Hhis
il extends fo o mop FiDoxX e Can tdentify O
as S0 qeyr Then Vi S X Witk ¥g =¥
Fes Us a homoopy  Hw ¥ and Czy- 1€ TH %)= {0h.
(=0 Aw map fis8'>X Clanbe SLamas a
/eao‘F boced at+ T and TN (% f) =0  means. L¥] =[ta)]

So.  { ¢ homotopie to  Ceuy- .




(6) Let W =W;uWyuWs3u W, denote the Warsaw circle endowed with
the subspace topology of R? (see Hatcher, Page 79, Figure in Que. 7),
where

Wiy ={(z,sin(n/z)|0 <z < 1}
Wa={(0,y)|-1<y <1}

Wy ={(z,1+Vz-22)|0<z <1}
Wi={(1y)0<y<1).

Show that the for every point wg of W, the fundamental group
m1(W,wy) is trivial.

"Prgo{': Aoy loop ¥ T—2W Wl be r LWy
Cotained T Some Set like The ‘Follcm??nﬂ,

W = Wa UlWg Uy U §(ysmMe): € ¢ &)
WIK‘L,_) kl/\)|

Fr Some £70- TP Hhere ts yio Such &
fhen there & a SulbSeg ence fans €T Sueh —that, ¥(am)en,
ond , ThoV(@n) <% ’B& The Bolzano Wiere Strage p¥opecty
“here ig a SubSequence  of { T 3 vax/erjes—fo oL
por L6l T and hence, To¥(2) = lim THo¥(m) =0.
o, ¥U) EWy- Take & Enbd  oneund the pant L
dhere is  Q Griergent  SubSequence of Sam§ Conimined
o that Evbd. Wkich means ¥ Sends  dhat
E-nbd (ComeClkd) o a disCmnected Sexr Wk

Cantaing pavtions of Wi and Vo s %5 ot Possible.-

Once, e have edabiced —the propetiy Ahat
Y1) C Wy for Some €, We Can Seo Y 5s  Cantroctie
as Wga %% gGYY)e’ﬁ/u'ng homeomorphic Yo dsed Tntenal



N i path@mnected S0 Choice. of  basepoint-
o nor  matter any LY et (mx)  ywsy be  Contalneol
m  Seme We and Jence ] =0 Hene, THh(wxo)=%5- W

(7) Let X be a topological space.
(a) Let v : S! - X be a null-homotopic map and let zq := v(1).
Show that [v]. is trivial in 71 (X, zg).
(b) Conclude that if X is contractible (but not necessarily pointedly
contractible) and xg € X, then 71 (X, zg) is the trivial group.

éofu—l—?csh: (@) Fom problem h we. Gan Saﬁ any

Nubk homotopic m™Map Y 95 also Fo*rnm»ﬂ Camtractibvle,
thus, Lr]e =$es n TN (X))
(b) ler Yis—>x be o loop x and
H be e homotopy b Tdx and Czo  (for Some X, €X)
Then [0 $xT—Xx 5 M(st)= H($a,t) 35 hemotopy
b/w ¥ and G- Le evey patin ¥ In X ts
Nubl- hemotopic: By problem b we 0q ain Aane.
T (&%) 75 Hrivial- N



(8) Let X be a topological space. We say that Y is obtained from X
by attaching n-cells if there are maps ¢; : S"! - X and a pushout
square

[ smt 20 x

| |
[I;e; D" —— Y.

The maps ¢; are called the attaching maps.

(a) Suppose that Y is obtained from X by attaching n-cells for some
n > 3. Show that for any zp € X, m(X,z0) - m1(Y,z0) is an
isomorphism.

(b) Suppose that Y is obtained from X by attaching 2-cells. For each
attaching map ¢; : S' - X, choose a path ~; from zy — oi(er),
and let N ¢ m1(X, 20) be the normal subgroup generated by the
loops 7; * ¢; * 7; for i € I. Show that w1 (Y, xg) =~ m (X, x0)/N.

(¢) Prove that the functor m; : Top, — Grp is essentially surjective.

At Froct wWe Wil p¥ove (o) Foom  Tthat Povi -

We Can €asily Conclude (&)

frof (b) We wil extend Y 40 o larger e ix
Space. by  attacking Trectinguler  Coller. €T

A—SSarm'nﬂ S do be Untt Greletn &, J:
Let, Z»,=?%C1) ond %, lbe the bace petnt ’U Dz”_’ Y
With vespeet 4o which we want "o Calowlate

T (=%) Lety % be a path From % to x; ¥iel
Now add a '(e,d-anﬁulqr ooller K= B’;(.I) KL, Suwch that
AT Ly =7i- Chase € GO\ UGTA)




Call this mew Space L LAince we hae Shiy added

'Y‘edanzuiow Strips fo Y, £ deformatrion —Yetrack on-o V-
let, A= Z%- iLG)I‘J; and B= X e Canclewily Se
A defsrmation Tetracts onto X ( The cel 2: \Y; has
defor mation Tetmct  ant c}%(&)) ond B %5 Comtractible
Bince, F-x (ontuing Celle € and Coller R
Notice that, AVB=ZL ; A B and ANB are poth Conec ted
and Contaln Xy, Hhen by  Von Kampen Theorem TH WUk

Pfaﬁewe Fhe %leﬁn\c] Puihaud's-

ANB — A I (AN B, gy TTi ()= TN (X 2

© ] | — | | l

g —— AUB $0§ =T B)—> T (A8 () <> Cy )

@ Kom heve %1 Cleat that 17 (,2) = T ) /N
Ne meed o Find proper description of dhe mormal Qubjrp
N. We already  know, N i Generated by the Image
of the map TTCANB %) — T (A %)

let, Zo € ANB neal %o wheve all B ove mezting
Now ke the loop Y based of % Vepresenting the
Clements of T4 ) Grresponding o e lop L1j ¢ ¥
Gmowb) Under  loaze C,hanﬁ& ‘[so‘mthism (i * el =Ll
Where Lie dhe line jotning % and Ty We il
Bhow +hatr T (ANB, %)= <\§‘ 1 1€l >,



Hw"%s Case we WUl Cover Wit A= (ANB)- Lie.u
JT

AE Has o\ewcc(‘mﬁ-‘idn Yetract danto €;—$.&1~;§- 30,

T (A %) = Z, This 1S 8@;@\%&6@! by E-_ﬂius we can Soy
N is mormal Subgraup generated by L¥ ;1 n
(2) T Mic »3, then We Gn Cavy out Hne Same
(ostyuction  as previous. But n this Case TN (A8 %)
WUl be Frwtal- To Se s Qgaln Joke A;= AnB- VAt

JPt

as the Covey of ANB which has  defor mation

letragt  onfo  <¥-84; 8 whith has rivial Rindamertal
jmﬂP * 4o bj Van Kampen Fheorew) We have, T (ANR, %)
% Hrivial The -Po\Law'mﬁ Pushout of fandamental qroup
immadﬁa:\-cl:\/ Fmplte lsomorphism o T (X,%p) and T (%)

fof =T (AN, ) — T (M) —> (% %)

l - |

30§ =Th(B,%) ——— T (AB%) — TT; (Y, %)

(c) A‘rvjf Grounp Canbe wiUTten al,
G=4 1% | _I_L\”> , A and [ ane
TEA

jerd Index Sets.

let, X-= .G\/AS' and  (msider the olowing pushout

Jiagramm
J ’ P
—!—L (Sle')—J—> VCS‘/C)
J“‘l Y ke s Y
J IEA
QCCG‘(’dmj to velation

J

u_(b ) —— Cf e)



Bj part (b) We dCon asty  Ses that, T (Y,e) {S,
e

- >/ N, where N i the Normal Subgv\cmP 3e'ne‘rqfe4
'imaﬁe of loops of VY (e Gleant W 5

TEA

—]T)(.Y:‘e)z (i.l—o(f { 1I.L(i>
JET

Vén

¥ Here We have used Yoan Kampen —thm. v infinlte  Covers

Re fexence. Aljebrazr‘ic Tgpolow + Alan Hatcher.

(9) Consider the following subspace of R?

H := {x e R*|d(x, (1/n,0)) = 1/n}

with the subspace topology, the so-called Hawaiian earring (see
Hatcher, Page 49, Figure in Ex. 1.25). Prove that m(H,0) is un-

countable. Is (H,0) (pointedly) homotopic equivalent to (S, e1)?
(PT’OOS . L?.f')

Ci¥cle

Co= §(%3)442 =53 be the
of vadins Vin And (Centered at

(Y5 0)- Define, T be the Yelraction,
e H—=>Cy which $s Tda\-f‘{-ly on Gy and evexry

Other Cf( (5%n) ove maps 70 a-r‘iz?_n- Bﬂ 3[Mih3
Peoperty of Continuous maps, we G@n

Show  that
VIS

Conttuous Map: Line, G i Tetraction
T )+ T(Ho)> T (G=Z- Now  define,

R:= (M), mm), ) Th{m)— —H_Z
L@f}; gK“ihGn\; € ng ﬂuké ﬂ‘helou‘{) 1 '_H—/\Ct'l" bO‘mol_(
atound Gy, Ky Bme ( clock woise,

anti —clock wise
According {o &igh of Ka)- %, R3¢

Sufective  homomorphism:

@  Th(Ho) s aAlse Uncauntable , Line —B—Tl [+
Wncountable.



We know  Fundameral Jroup of L"\’{ g, e)is, T\T(:Xlg',e)
= Iﬁ A. Fee product of Z %5 (ountable and hence
C}\)/ S',e) iS ot hmoﬁrp‘fc o (H/O) ‘ H






