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Then  there exist Mon-emphy  open Subset UeX g1 Fis Wniformiy bounded an L.
?roof: X i o Baite Space- Fix, mem, Je ¥,
Emf::i“X: V$co| £n3 CX (Gaed by Cant 6f §)
Neb, Eqi= [ Eny X (Olmad agt)

Note that, UEn =X = JU cX (open) and keN st UcE, = l{w|sk +feF
and Yxe (- | |



_lzpoloa'acad SPo\ces. =
— Definition

- Example- Dicerete, Colinite et (Meﬁ?c Spaoes)
N

— Maps, /ﬁﬁmwmothigm‘ €3 59 2 K @‘ PEEN @"

i points ane  closed (ot - Iml&gcfeg) ml /
To Hausoorff Cho-l eg- Finite Camplemerr)_> R

— Basgis  and Subboets  — Definition of Basis —ExamP)e: Mekvic  Space, X, o= open M@
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Product.
= Fnite Pfodua’- (‘in the  Same. ooy wie defined  product of  fwo ’ISP')
- Mg et o5) Tt

— Product of anb?'h‘fw Collectian %_XK}- :l;];xﬂc
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Connectedness.

A doplogical  Spwe 3% Said b be  Comected, i any map

X— 5013 18 Coptlard.

PMP X 15 Conmnected & ﬂA,B open, nan-emph, X=AUB and AnB=4.
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P Y
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Dake 1 20/08 /2y
PY‘opoS‘er: ¥ XadY ane Connected = X*Y %  Connected.

R’OO’?: l/\Je Con wUte XxY = x%j ']:'5 — JxxY Xxilag

Whieh %6 unfon of  Comected s and their ntessection % mon-deivtal -

Compad- Sets-

Defaniian <F«I‘ F>¢ X % Satd 4o have fintke inkersection praperty i ¥ Collection %@9
of closed Set Qe et N4 # @7 hen QCK:¢'

finite

#  Froposikion: X Compact = X hat [-IP
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don'+  Corr X
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S’ecl: Compact = X Gon be Covared kﬂ {"miie‘bj whawy & bals
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)
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rex=Ule, 4o, B (k)oCw andte boll By (4) ¢ [fr Sane o] %

Locallj Caqud'-
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Exva)a: -R*

L lRoq - {LCXO ¢ IN Suc,h,ﬂhoﬁr) An =0 "f’7\>l\\§ — J\/}/elgﬁd B i(%ﬂn)’ <ZPT‘O CZ‘.‘_%‘I’)’L))’Z

Bo() % mot Comparct - %863 dieyeg) =T €. = the Se3- dlartt hove Lo Sub&e?_

R % mo \oaauj Compodi.
One  Point Ccm\.facﬁ%@dam.

T 7 _— IF dd‘ﬂ['l- Contain N
X = locaMJ CamPaC{- 3 Xt X\)i_oo§ w‘i v, Cope,n) U & X % spen
T If Cotuin
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Gual: Chak X' 75 Compact and Husdoff.

(ompactness:| [of, U= it)«} be an open Gover of X Let, 1€ 0p, then Up % Compock in X, ts  Can be

A
Ccve_ved bﬁ ‘?’m}}ilj "ﬁ\OJ\‘j O(‘,...)D({, SO_) U‘} U (K'L):|U,<:> Cd\]e.fs Xt

Howslor 4. for z,je)(r 0 1y cx mﬁ“'i‘) odo- If xeX and j=00o z ha a M\/_

Such that V % Compadt. xeN, o€ )<“W, L




X 45 tocaUﬁ Compoct thusdor(f and 1t X—Y s finjeciton, Y % Compod

ZOLA1HNOYORT

Y\tx) Sirgle. Pis. Then Y =x*

ameo

# Examples. X Compadt, Haudaff, — X'= XU{eS.

_— QRY\>+ “ Sh-
Xi X2 ane Locally campact and Hawsdorff . fi X ——X2 1% T Combinuous?
J{ No. Example
\Sf;)(‘* X: R"__, g™
De{" (Pr‘oPU’ mwFs). Fix—*‘{ % Pm,)er then, \C"(K):Compaa 0 F—— &

for K Gmpact tn X

Roposiion.t ! 16 Cok = € % prieper.
(=7 A: R"—R™ & proper  iff mem and Ak jectives
Property of locally Compact  Spaces | Hout daff.

Ucx apen Hren U % lo% CamPabP + Housdor(f (ReSuH J_>

Ty'= Tt Def: (Regu/lmﬂ> A Space X % Called Teguort if EX  and AcCX  closed-
2f A, Tuw, 26N, ACW and VAW =g.

Pwpn: ;foca% ComPad- = R%u,\am
+ Hausdarf

Let, %’-;/\/\:y{, A % deosed. Now, Led K be an Compact nbd  anaund 2. Note, x5 N (&K):;ﬁ Ue
7

COMPOLU

(n Seperae, ¥y and ANK by opn Seh, {4 €U, ANKCY  and 0NV = ¢.

ow Tfake, U=UN (k) , Vo=V UXIK) “— Sgeaalion- Vi

Froots  (Huwuderfs @«g))

(io% Compoct MS)— U = Closed | rey, and US  canbe
y Closed
Seperated by WIS, Y = zeVeweu
>V €U % closed

3 Ts2 open  So hahy VaTox  and VAT €U % (Compad:



Use ful 1hap Ws X'— U ;urix 5 zeu
1 o

5 2fV
Tt % cotinuous : WeUecU open, mew, U'lw=K i
G (w)=w o0 ) (@)= xN 2
ExamPla'. ® TThe obvious one. 1) =
@ B CR" H:is"—(@) 2
m =g —
Open R
@ B“u Ll B;\ < “Rh/ .14 . gh — S'Vs" B0 Basically
quotient ’
b ; RYR™-5"
V“ me"us
LQC“'LWC—“. (1] ]]0]/77/0/7 7/

—lj_ckonoﬂ"s Theotem-  Fodact of Compact  Sefs ane Compad-
Froof: (USQS Zoern's lemme) et iXo(l be a  Colleckon of Cw+ Sets. X= TT X«

To Show X has FIP Ley, Finite hotersection. of i
mphy

C:%Célled?m of subseh ™0 X 3 Lloments of B i mare
Ptiial  order 3 Indusion <
Chain : M=30uf for ata’ Qucour OF Ry € u.
Upper band o} chain ¢ ng@«
B\\j Zon's femmee we have o manimal elemert of €. Brough b chek FIP
Jor his mawimal element: —— Cau s colledion .
Tt X = X § {m@)jbe has Fp Lab dee VD). be Gn chose Suha b ey
We wwL  Shaw, &=G_13 € [Q’OE.
Ler, Yg € Wk R Ut ¢ (VD) = TA'WINR+¢  Yoea.
e A D % maxmad €, v 7 (U) €
D Lontatn. evow  Sub-oasic Cpen Sek  Gantaining .
Tf V 8 a basic open Stk Codaing 4y NAD#G, for all DeR. S, YD foraul

Def

LY Q@D -



Fundion  Spaces.
MqP (%Y) =i Cot. funckions  from X—Y 3
e
Topology on it 5C§,u)<i fix=v: OCU) = Sub base of o opology
COYY\PQU’ open in /
tn X Y The CarresPand:nj

{zsPolo%j 8 lled CmY\j)ad- —GPQYL
toplogq 00 Map (%)

EKPGnewf‘iaQ lawds LYX)Y kal Yxx? (B‘ﬂ"ecﬁm aka Sd—/ﬁmﬂmb

Tn dopolegy  we wank b‘ijecﬂcm b/w;

MCUP ('z‘, Map (x;Y)) — Ma‘) C%M;Y)

Cb | — 2{\5 ( Z XX E?c\ Mﬂf(?l(:i)xx >

TIn order o ev: W\df bsu’wj Cot- we meed X Jo be lomﬂﬁ Cachqul Houts.
Fropositione T Xis locally Compuct, Hausdor§f Then
eVt Xx Map —>

s Confimusus:
Praofs Uy open, (xf) € ey (V) (Note, fcyeu and £1(v) s open)
X s loCauJ Ca*mjbacf, Husdarff, T open V. Such that V & Gmpadt  and xev<vef®)
So, ev(Vxs(@u)) €U and Hws,  <viU) % open /]
Theovem:  There %5 dne-one Corvespandance  bji Map (2, Map (1Y) ) — Map (z:x,Y)

Frofs Ie will Shaw, § cont. = ¢ % Conbinaous.

&) P 8 continuans. Lok of T ¢ (8n), $E)cU 3 txccd (V) ; We el a open nid r)o\ﬁ g
Such thak  Wxc g&)"CU) = wed'(sGu)), So, <1> % Coatinucus . 7

Qe ML the  definitions  ate. izged
In o Wy that 6vex_xj-HA£rﬁ wwt{m n ])la(é-—-;}



chﬂ'alo&*g) Aexioms
Definittons X % Said fo have Countabe baks af x ¢, T (ountable

Collection %B@ of cpen Nods  of x Scdv&%ﬂnj Vcrpe;n Uox, J B/ cU.

+ F{mer Countable. 3 Tf evo Fo‘lmL xeX hat a  Courdable bags-

#EXQWWM: <No% fivsy Ccnmhble) R with  Cofnite 40?0)02[3
Take, xeX.  Suppose  1Bn§ be dhe Coumiable Collectn of apensels,  Xf By ={u; )
UBL almest Cuwkable,  chase, Xty ¢ Ugy = X|5) i open b ot Cartuin g B0 ]
# Example s <No+ fire Ccun{able) X=Lo1° ( 5= (LY\/Coun—}oUo\&>
C‘J_ZF, xX€ X and %Bn Couniab\e Open Sels CeraiN'\nj -

Tlake B, O basic cFen Set 27 T ybn#s_ Ts¢ Ubn

n

US;X XUS X [Ol:) S\S‘S } —H’\Ln U X ):OIBSlS
Canmnot  Containe O\Wj Bn .

Def of  Second  Countable /ge?mw,

Av\ﬂ un Counfable  Sef with d*crete W“‘g‘j — ot 2" Caunfable
* RY=3 Syl baa} , d(2.9) = Sp [xs]
C-= —3‘ Szﬂuemce, wits &s  and L’ , dled) = % ct Ccic

# B.(y) , ¢l e uv\coquf(b(e Hisjoink Spen Sels.

Theorem.© Product of ond  Coundable Space % 2 Caunlable
@ SubSpace of 2 Caurasie  Spoce 4 24 Caunkble

P(’GPOSRHO'YL' @ Evenﬂ open Cover o\c ond Countable SPace Aot Coutable  Cover

@ X hat o Countable dence seks.

g&é Cunfable  bags of X.
Pr‘omf @ xe Ug, v xte B, € Ug,

3 &:)xéxj C {Bn}

Ca'ut#uble_
Cho'te / X:(J)UAX;
18u, B, S :
@ A Juinl Noe tnad, K=X /

Rerrork:  Exisdance o{% Cavnkable  dunse B +Tist cawnkable = Sawrd cowntable
/
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(/\W‘OY\ﬂ Y

Theorems LY X % a mnetic S[oace, With, Countable. dense Sb. X % QM\ Coundab\e.-

Prof: By, () ¢ nomud= B frms o bass Tf wBl) SU (en se). Take, -

Now,  dl g, x) =0 o =00 I, d(t0m) < S <&,

> ze B"n«O’m) < BLCS).
[ Counter example Ry (ﬁﬁm Aemark & last Aaj)
R Wity fopology  Gomes from. basw,  {Ta8) 1o<iy.
Nofte, (b)) = UEm{,.,b).

" led, xe KR,
= Ry % Hows—dorff. Br evew n chane
- KRy % 1CTrs+ Caunt able. 7 e Rk nQ = himtn=z

- IR&Q %Y‘ai?cnak& A Canmtable demse k.

T B be an basis 4{?@. XelRy, xe[xwn) T, €¢B, By C[xww) 5 I M9 BABy,

ik Be =2 #4=inf By So the basy  Cadd- ot b Cundable. 7
SePemtim QXA Gy
AR A .1, Tok o posible
! T, xty, 40U <X T Counder axamples.
x1eY ot Y gu.T"
P Examples.
e @ T,
PWOPOS’\MGHS X » T A & 4 ’ X % Gompact /ﬁmwsgarﬁ
e = X % Normal
[ X megulan < YreeX oo™ o
dxevey e . &Ya\r },/, :,:", @ 7 —C] e LOCa}fj Compact and  Hausdarff
w w W . 4 % e -
X % normal &V ACULX -~ Metrie SFace, orle Nov‘mal,

JopenV, ACVCY U, Fafi A B e clased s Vo, Jayo St Ba(e)ek
) and Vvb, I ¢, st B ) CAS

Frods O toting 4o do A€ U B(o) = U
@ Do Same %ng 3 B §%{88b(%> —\
Bhew that UNy = @ .

PRGPOSITION% ) &bsw I a Teaw(aﬂ Space 18 Tegulait-

2 Rroduct 0'¥ Tegw\ﬂfl 4({3@«,
R‘GO§: NOM\Q? 1o prove wm O



@ 2e Xix¥y and  VUsUxU, 3¢ opply ‘:negaicw;m on XXy
50) R &S \/lXV) < T/IXT/;_Q U\X UQ -1 C.laim: V| XY, = vp(@
Pf“‘%‘- (Vl X@C = X%V U N %X,
@7‘/_\[’6 don't Hold for Nearmak- o VXY, % Closed 2> VXV, €<\
0 Counier L [o? % narma IG YeVxT, > ) b it proof v

o Counfex 1: R #nt normal

Counter  Examples
@ T AT Cogmﬁe TLCYFDI,% Wit | X\=20.

@ LT X=K, B=1 @), (ab)\iks"}
Nob Tgalan et §o, §3$7 Cank bo Soperaked -

® T+ Ré (st day )

L ectune 13
Proposibion. X % a degulont Spe, Which % 27 Cunkabler Then X% mormal

P«‘m{ Fix & Cunkable basis - Puc.K basis element, Uq,\fu &uﬁé?aﬁna Q€ Ua QUaQ BQ
he \]b QT/A c Ac
Noo ot A €U Uo= Uu; (using 22 lauckablily ) , U, €8¢
B<UV, V5 <BS

il

Nov\) def‘me, — .
\/J-:\/J/{sz)u.v — V= UV,
G U g —uee UG ) N ASU B
L UV = UU‘AVJ , WLOG 1% ¥ Gt Combin any point 0 S LN=4 . v

Examples. (T34 To)
o Ry % nornal 3 Aand B are desd Sy atA, adB [@aw) ¢ - U- (/o)
pe B, bdA [bbtde) LAC ~—>\ = Lk))[b)'ﬂb*b)
Note that [ma)nlbbtn)=g. So, UNY=g- Y

o [Rex Ry % heérdwc but not mmormal.

AR
| = i(xpx): X € lRLg L A = %Cl,—x)e\_', % mﬁor\odg
Subs pace ﬂUPo[ogcj 4 AN 7 6 - S_Cl/‘l) tle x4 iwwl'(M}
?A G‘B creke- [ xif‘c_ A //ZI/F\’ G we)x [, “xv¢)
* I RE was pormal, We
v L CAY\SQPAQY\O‘BbjGPUL
* Koz 26 6z Gty sds U and Y.

o LeB ohase M SA- [’_Z,x»ft)x[.x,.z.;)

ev s Pstponed ==+



UY‘&SO L ns  Theorem.

LPJr, X be  a normal ‘I"apo\giml Space s A and B oie d"usjo'm& closed  SubSek
Then, J f: Xx— [0l So thads
fA)=0 and f(B) =1.

o
Proofs  Lef, U,:X/B, ACU, € TS U wige KnLeiid = {“‘3’“‘2)*3»'“'7“)"3
v

o .
For everq i3 Tk Such thet <y and  Mo-othey ¥y fr A<k €(e,n)
Us‘mj mrrmq,léﬂ We Can %ma’ Cpen Sels

Takianal 9 we Kwue. -gcuvrg‘ open Seds \l[, with the Prop. ]Cmr b<q , UP.C_utL.

fix—>Lil = aiven Lj x *“’frnc{ Shefi]n @ err§> for xepC
1 for 2¢B

()r;’ Q‘U'z C Ug. . So, fuw e Vo

ConTINUITY  OF . Enogh 1o Shaw  £'(t0) % open tn Xo Suppse, e £1(m)

fore Toatiomal p st fOrkr > P QW > 4G > xeG. Naw, Feue, frnn
]

T C Pl o () % open.

Lectwie — 13

Buire C“)ma"“j' ‘cm e
e X % o ¢ Codeﬂay, d X= U, Tnk(Cn)=¢.

°* Otherwwe X % GY o Cﬂ*@ﬁcﬂj'

Thwe Ccr‘NPle’re meiric.  Space o of Hhe 2 Ca)}ejorj,
VB S f s,
e IV\}O‘n) +¢

4
Tt s Redional.

- (FNGF of B 6 mot narmmﬁ) Loir] = UEh

Wl
S, Fx,£>0, (2-2, X«é) Qz, = ‘lé(x—{,mfﬁ)ﬂ K-

Noo, (44)6A cU. B some & [a05) xEL-T15) S U. chos
ce (4, aﬁé) NKkne  Then, |4, q+zg) x[-q, —cuig) N e c++‘>x Ec,—uﬂ @'?’e )
Z 4_\);

Recall, fo—{ Ccrw«ﬂjerﬂmf + pointwise Carv\mﬁeﬁv'
PRopM. 1‘7vx—>1p- Cchexjes um%mr(\fkf oo duncton Lo Then £ 3 oo,



Extercion. Thesrem .
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