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]X,Y i Y Codracs New Cfde\“)ajf HTep L //’ B /B\cmoﬁw Qﬂu;mi,
obj = o ) Meip = Wisp ~
WN = % Tep) M; hlepy cls op

S



Base d HO‘moﬁYPj

XA$0% 4
/ {
(D X/\If \-}\\ Y [X Y] > /EUYDO'} Clos
D xaqg T o el
Nedwial map Top —> hlop.
L@C."l'WIe- - 21 22/ 10 2y

Ccrﬁv‘oxcﬁ ble. S'mcag
® lowex Sebs ate Contvactible
Deformation.  Retvaction .

Retoction: If Zex 5 dhen piX—Z % Setraction f the Composikion 7 x bz
£q: X Xay = X

Ll
X —5 XVY——
o Y'\TJ\K
Topy

A o‘ag—mmd}‘fm\ ebudt B a g\OTno-Ich %cm ?demjrﬂg 1o a  Iletroction.

Examples R |99 R-IR 3", X <t xeron Lox % por
o A debormation m%ﬂo\/ﬁm@j equivlance,
A X = A=K
wop ™ ( Definction)
fix>y, M= Gl (1) My dr oo Y. XXT 4>%Q<)x1
The Hitn the pickme gives us the mequired %mij. ™ % > J/

(**“‘1"‘* Y1 4>M,m

{ P
Xe&ts Mp——Y Amj’mq) Can be /M""’M
Yr—y written b Sncsion \W Y \——‘>I\’\4
(08 {0 and ddormadion. Ietaction.
{
e Another @xample ¢ (Ceb(, cdw‘az.\n—men)(l)

gV\-\ —_>Y YL&P (,Dh\ iog)

]/ T l ld-r ( We«oo{k>
Y



GL(R) deformabion Tetacss 4o O(n).
o'/mhl\,
3_\7,,.,..,\%; ——¢t ; 02—0'@’00} PJ’IO\M +thot s % a arv

Glmm N rorm )

Sermidk

L) Sﬁﬂ\ilaﬂjﬁ, Gl-n C)— UC") okgofmoalhm Tetvadt -

My ]mb’ft for any A€ GL(©)

U(V\) A COWMC.RJ o QL"\ C"E)-‘é i 1des-h(uc+ a f])d*v fram T A

* feal, Ma{:p‘ma Cand X— C(x)

h (niver Sl opet of-
i) rl et 2T
Y —— - L
Map ( cones)37)
3 3'-Y+—>7-.’
® Baéed Shuaion. - :{ *é:v;o’r:p’g :/wg
Costand map

A null homotepy 1 KxToil] H v s Sk had H(%ﬂ:o

C 32&% a map H)(XM ={  and HifoIzo

&) ~

/f‘ = CC)Q —Y ] VIR :

W o) So, Map (C(e)12) =( §iv2Z
YWl home fepy
qeix-2

Now we qel back o e Gegory A Top
[$x], = Se & peh - Componerds d X = T (X)
[ooxl, = e [® has o goap  Shruchae]

(%% 5 a group)

o Mulk plication .
Lehx I, x [ehx], —— Lshx],

{ / T) SIVS\
— o pinch P’m -
ES'VS’, X’J* pimc
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Gﬂ‘cu.f) Struatwie o’¥ T (Xot)
Conadenation

7
° XY, € (85X ]« then,  Ti*0 el:s',x]
o 17N = [F] Whete, T@)= r(-b)
? Idmtﬂj = [Cmgtard  Loop]

l ‘P: X—Y ! (‘dl“cz)k = G‘):og"‘)x
P, Ce, -, fer () — T (v)

f(D) = L for]

EXamFl@-
T (RY 0) £ 3e3
Eckman- Hilton aﬂzu.emem{:

Sbeaéraup With °* and *

SX§ — 8 Now, Sir(=):s—9S B oa arou{) ";\C'W\O’MOYPJM'SM Wt .

(%%b). (C*&) = (a9 * (b-d)
,éﬁmd,ow‘ﬁ (a b) (c-d) = (ar)- (b-d)
. IJ,en),dj ;Fma €, O=b=c=d=€; (C\(q (ee)x Cee) ge=e,
e aid= a-d

o S % abdian

T, Gis a ;l’apoi {cah araﬂf There ane Hwo muhphw{,m
{ = Join. 6% Loop
¢ = Comes ;Yrom. amuf k.
M, @) s Abelian
Theorem -
{Lﬂp FCACX % a deformalion  Tedtack:  TiAcaxTea; Lo A ) % kemorphism. W

™ F%Y‘ @ Contractiole bpo(& T (x,%) =50y

[r] e T Cer) S'“"—>/x e (s')*—*w}(x» ;  Lrl-o.
\DQ‘ \Jﬂ(l)l)

E@L‘g‘c I{', 0 A a Paﬁ\ 1¥¥0‘m. %o X, then Tﬁ(x,x»)——*’ﬂ'\(x,t.)
[¥] — [&xrvr]

h

Cosg)[v] = | Txgers (JT*O‘,:I

[E;_ *(G e oe @ |

- (6o C(5)-

s, (S'.m@la Ccmnedm() Pt Comnected + T (%) M Choice Jg 2o

(o)

Now, ThH(6w) — M&x) - T ovo; , Co)= ()

ClF) (o) = C(5) » c(ar)



Theorem. - (SVK)

X=UwW and U and N oane Smpy Comected and Uav B pic
Comnected. Then X & SimPB Co*m\e,deaé

un
Y~

L0

U v
o ford o doop in N o Paik of fop inV
o Path 0 LAV

Prd.

Clam: If, X% S'\mP\j Ccomnected then ¢4v3 Jwo ?Dcﬂks bjW  +Hwo fired point  vte ﬁ\omoiq)rc-

Now back Yo the Pﬂ@’\% Make a patition of Toill 0=04<0, < zac=1 ((hewe v>
Buch thad € ([a,4]) €U o0 Vo We have, Y@ €Unv. Now, v e

Y= T\[qna:l gop Yl[“r-',apj

Chase path o5 fom  £(45) o @) N Smply  Comeded ¥l q00 PV = loop inU
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CoVERING SPACES

(DG—Q\VL'\EUV\» \-Q} ‘oi E— 0 sw)a.c\'ive W\m? We sy Hot o 5\7«1/\ cd VC 2 4 evm\j coened 'J‘
F_‘(U)g U Wy dind Plu, = U — L & & t’lm&W\AAQbW\, wd | we S0y b o o comtning

*M( iQ wulnj 2e & e on QVW\LJ covened V@%‘/\‘?O’\'\ADDA-

EXAW\Q- 1 (T"“L\;ial QU\AL‘)’{\V\%). Lt‘ F Le awj A'\oa\’a\’a $\)GC€ ond \?i %K? =2 Q,
be e ‘onﬁa&m, Haon b oo ummm% shoce ond e coll it the tauwid ww{ma_

2. The 0, R — 9/\, X = exp (2nix) & o crvanug o Nete Aok

0‘/\(‘_._3',“-5) N LX-%, X - l}) == q/(x—%& f x-é) RN btwww\nm'e\aibvvx, M)
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" Medicval ?'\&O\e uQ

od  on  odh verbrichon & an 6\2% wka . e 5& 9 b o Qb’\lv\ius spoce. :
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3. |he vvw\; b.: N A T = I A T cwvim& wap, WEZ3 We laowe
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R S T (40 a0) = U (4, 08) G bcath

] ! N[h and e bo v oo @vo\'\wzj vvxo\%- Ty R
|

nx ‘R ga

4. (2 o cowen & ®RP"). ¢ SN e shandond otwf\iw% i o 0. Qeniver space . O.
o

Pick dpevn stk Dk € such Mk 0o VY= @, Hian ¢ (30D = LU V), auwd  oncktar medicwel

picke of DVeing WA

QDd/\ vo.b%“'\cscim T \mvvxwwxorg\f\'\/sm iF we durv&e D - Dﬁ Ww; &), © o meima Q\)mce-

PM\)os\\'wV\ 250 et G be o ogowp m&'\vui, o o sboce X avele Aok Wd Pdiv& v EX s
an ﬂ;w neiZ]IALm'hmg O such Yok Uﬂ«a\)—’ IR 9€ G. Ten X — X6 6 o co‘\mivg_ spoce.
({)rooq- Lt [xe X[Q wd x el w&ibfn\'wa_ Hhe &ar)o){lwoih tlhen 0{‘(0[/(\))) = ugeu %U & dpen

henee X € OV(U) i valzy ouned wnd henee X X(g 6 o« cmwmim@ space. [ |

Exaw?\e_- (\,evus S\mu)- We com view Can o o fS\A\vafvm‘( & € o the wtt wee sﬂ iy s
¢ @) Q?'Vm( Shse  vebuickion 3‘\\/(/: o acdion 6£ Co Q S%J, we ddfine the Law'e soce b e
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6€ Qo A" & feee, ond Ahen \;»ZY Nowdor {fross 4 ST ol Mk m‘j (Zi\/l:\\:e% wony
‘m(f'\ww\%e,s ld then be gxe Us Qo 4 € Cums than \t V= Ngecn 9" OaA Ten xe \ sohisfies
e \Wo&\/\m o A Qré‘?cs\\'im 25\,
lV\ poo‘\hm\m‘, H/\e o\bé\le onu/u\‘?\e e\mWs Hna\ \Q C\ » aeivti\:e %’\'6\:&\; mcx'w\a, —Q—ce‘»a oV o umc&o‘que s\;w_e X‘)
’u/\QV\ X — X/ G » & C—WOLW\.% 4\;%&

SoME  LIFTING  THEOREMS

LQW\WW\ 25.2. (QD\HA \—\Q’l’\vxﬁ) LQ‘: \Dl (:_ — \g e o cu\leﬂ\(vka ww\\m oad |\t Y (.le) — 2 L o \mw
b‘v.‘w\\’l\/\% ok ‘Oo, “MM 3 b&t 'C(, v& A} IA‘DJ‘L\:\V\% A e, C t;‘(‘:o)< E

~ )

) N
(Dmo{:. Led iUvm - te ’LO.Qg be e,vm\s covened m(ﬁv\\;a\aw& |t %‘6\(0*‘“): Le [v,ﬂj 1A p

v

)

(> on opon cown . 1o), ten by Lobesgue nuaber Lomea, 3 650 suan Hk Lo.4
Ve 1" (Unn) G some b, wheneun diomV € & Then 3 0:5.¢ 8¢ Com, sud, Aok

(L eidd) i adiboind) il an evenly covrned veiglabrchosd - Then Ll e € BB, and ek

F(6)= &0 Noro oo € Vo, dhne B (0= W Ve, Hom define Ve = (blv) = Veanoq
Grohwivng s woyy we g on e okl ¥ dich o Mo WA P doabing ot 2. =

L owima 25 2. (umm Liftiug). Let p  E—=R be o coverivg .
let WiTx) = B 6 o lumelopy suc ok H(o,0)= by Thow 3
Wit W Ixl = € su Hok B 06) - e Dunthen § H 6 g
havokopy ob poti Yo ond X, thew Wb Vuowibogy

bekoeen ’\Yli omd ?(/‘,l. P AN
Pwo‘\- Note ek f‘ we e show  I! E\ such Aok tHo,o% %,
Y evenk
-
‘Hf\@/\ the Mﬂ‘?ﬁ\«@s% ©  iwmwmedioke evm Uniqueness @r( \>or“/x V\Q‘c’m%- S, i eoivied

emoien b ook LUK T saliofygng B0V = eo. Uniquaners of e Lowelopy 6T Gllos oo
waignenes of poth Ufliug, so we orly aced b shno the exishonee. Ouce agpin vsing Lebeogne wanbes
lemoro, 3 076,< 64¢ " ¢Sm-4 amd DA € Cho- 1 suchh Mok Tex D Lo gy x b, tund
ane sudh Mk B(Tx00) v evely coverd. lakelly we e siwaphy Lt W by delinine

F\\I.‘:). ":(P\V,,)—‘(’ “\1‘3. Aune  Vy, 6 the ungune  dpen sek i \5«([)”) w‘d\v{wﬁ > ond thewn
odend & induchvely | [
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P i
Example.- (1) S:;—> SHZPZ5 s a Covoting  Space. Now, 12 Lol =5 th=> et
The Lificd pabh ¥ with Tl\=1 & ¥l)- &5,

(Hee P % a Cowing  Space  Which winds  aneund & fwe times, So Fhe path L‘F{‘:nj
kes Sen&z>

T HEOREM. TL(s Vv 2z

Prcrd][- Consider  Fhe Covering Space, 'R—8  (xb ™). Leb, [YTEM(S,1) then,
Yilol = &, With Y=Y I)=l//mq>j- Thws We have 9(FW)=1> Y() € Z

Let, Y,0h  Swh that, 20 \ia /B\dmdvpj H. Uminj Hhis l/\drnm\tm 4 0 pw
Y, 6. So, H(=Yi(). Thus the wap d: T ($)) = Z aijvm by Dl— 7@ B wdl
defined, -

Grrsup homomorphism.
Let, fand 1 one 0o paths We need Ao Aok af  B(CixwT): e need Jo bk af Vet

~ S

A (22 J
LY ir"T/ Sl
o i | il
) for  telik]  So,  B(DnaG]) = TG ()= KL

*

Note that (Y306) #¢ ¥
i'ﬂ (2t) for te Ly 1]

=‘Yﬂ;_(u)+ GW0)

and tus @ agwu{) )L\cmo-msfpynisrn_.

Sw-g'e,c.ﬁv Hj .
2uh

Let, wi:liil—s' and ik = €™ Noke thad (@) =W(Q) =1 Ad 7 % aenem}eo\ by
1%, P spjective

IndechWe

Ler, $@1)=0 = ¥0=c 3 ¥isa bopimn R R# Gniactoe 9, T % Aamotepicfo  Consion
map &t 0 Via homstepy Ko (k) % fomotopy o peth feom ¢ o Comtty o S0, L¥]=Lomsi ] = Td o )
So, d w ’wﬁecﬁva. )

Computation f T6 (IRP")(2) 22/22

Covering Space  P: §" — RP® et DrJe T (re). 7 ikt the path Y() =N or -N.
NP 3 yilad— RPY ) r(e)=Y(N= P(N)

Dmﬂinc, E: (R pivy) — itlg. [Nete @5 wel defined b3 +the Some O.n\juemen*]

For njeckivity we use Same tguement for Swyjectiviy  Just Comstruct a Pdﬁ" o S _\gn sm N do-N

fake the Compeshion. o} & with P Fo gd e Nequired  pre-image. |

PRoposITION. &G 6 a group DX Such tab xeX and Topen Uk  with Unglv)= ¢
for ail 8#1- “Then X—= X/6 b a Covwinj Apace -



Propos1TIoN. X 18 Hawsdordf, Gt {inite group fredy acting on X. Then X = Xfa 8 Covering
'SPGCC-' [x # Simply Convnecied )

Theotem.  For the dype o} Jrowp actim GIx defined onthe propesition, T(¥e) = G-

Pros]. e have o Covering Spce G XK= Xfe (1maw). BEMWe) =G By, L]— () =40 (for Sms)
Aaafn by /Y\O'Vno-lu‘pj Xiﬂinj ¢ 5 wel defired.

Tt = g f G Stwbing adx O ikt of G Staking ok o) T Ver0)= §NG) > $y arPme
I%‘ecﬁv:ﬂ + Swz,gccﬂiu o 2% Lmidat o the Pf\cé} D‘f mcsie) [ |

Consequences s TC) (L (1)) £ 2,9 Lens Spoce.-
° ]'[\(lkinoi) w7 - :ﬂ:\ C%hmlu-) ¥ Zm

g 9 v

fwi] m-Lwy]
L — SFeﬁqk Cabe  m=12, i,z (k) > \RPk
S L Zon (2nn)

O — > o

° ﬂ?z i%dmeo) R™ (fw Y)%2>. (Re,mgve a Pai,nﬂ: ;va both Asde, Use T, drad the Conbradic)

“Theorey.. heve % no Tehaction ’g\‘crm_ N—sg.

Br qwer %xeapm thesrem s {1 00> has @ fed point-

S'
WNe an Comtvuct a mekad'-m_y lltn(wﬂmll =1, 1 ||ux-fc«)»ﬂr)n’=| S P kol il + 24 Cefed ey =) Pixt— e
D2
2 € ) r-feal + 24 e ) f00) 4 If0I-1 = 0

go/ P(x) = —<1-f(l)/-f(i)>+ \I <l-f(l),¥(=t)>‘_ "l'{'()())]l(‘le(ln\"_]) % a Tetaction. {rm D}._)sl‘ IVS not FOSS:H@' B
Ix-feol
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== Recwp =

* Quofient upology- T, ¢ Top, —— Giroups — M) v 7

o Topolexical qroup / Com‘udahcn (Far Spheres
. Htm?pj J i e feojective Space, Lend dpa,
o Rundamentdl groups: orbk  Spaces  X/G.

Computalion  of T Jor 5 (Suwrhe of s a)

—Foe g0+ Ty =t = TG =o
“he gel By =T =8kl — m(sxe) 2 2oz > Wing T (e, C) = T o) ¢ TH (s

KuCCmCX)) w0

) (S®) 20 —> use KT o} owt  vewsin
> Path Comnected



Cdk QHC&C»IMU\{? 0

S*\ — A: (X Utp (‘DMI\S\"O )
‘Fj l / B= (p"\20") ) = T§ myL and X%
X — XUpDM™ ANB = Tnk (D7) \%0§ = 9" Amply Connected = XU D!
Bimgply Gomnecled .

D

" [ F ’//AX A M
/ g B n
S @+ @Y

ar "
-=xu o™ = A8 =S
A .
SPL \ B = q/} IV*(D“H) /

4 General \/‘wv‘ﬁquen theorem.  LOUW ‘\:ebLuzs T, (X\{QDW) > TG (XD —?ar nyl:
Ninclinj Number.

A Closed Cuwve Y: ¢ — RE- lab Ze RE\Im(Y). So, ¥:i95— RY|iz}$ % Comz

A V-2 1502 (C.irde, S¥
[Th Tis =R etends %3 () — TH(weEs,T0) il lelmiﬂhmuzmm
foa map ¥id'— IR* 1y +—— 3 Ceniered ai 2)
“Then \/O'mcung numbert ;}'_H—'-\&'/S w % called
% Zero- l lﬁf w\ndlng Number Q’_F ¢ azZ
M\f}hﬂo&\m " /_[]c
™ TG CC%@ FExe: TP Z € unbounded

Csmpam\* IR*) ¢(9)
then wmj.né wombey
W( ¥, 2) =0

Fundamental Theorem  of Alﬂebm,,
EV@H Complex Fol&nmeaJ have o Tt

I0 not, let, P@=avtaz+— g2 +2". Then P! €— Cl{ol.
let, Sg = Cirde o vodius R Centeved ab Zevo-

Plgg 3 sp — €193
It extends o a map HDE) 30, W (P\S'R’,O)T—O- Now look at,

H(zt) = (\-’c)P](s‘z)Jr g z"
Note thal, Tmage (1) g €|Ses  Jor lanj"e. R- H 5 Aomotpy Gw PlS'a and 2"
but

W(zZ0)=n #0 = »O(P\S\K')o\ =0

Condradicts the Jact  Windi
U mbat K /V\omcjrcpj hWartand B

Winding aumber % odd, % v@=--v(x),  vis'— K1y 3 Wl¥0) = odd

et (8 — T ($LTM).



NM) (R/E) No}—c M ‘fiis, ({’) =t

qf —_—

]ISI,?U) l6) := €+t

.n.sl f /&FC'

A o, A(F(00)) = a(mi®) 2 T =D s) > F()= gunn
So the u)‘lr\dinjj Number % odd.

Borsuk  Ulam Thesrem..

9, 3:52—*\22 Set &C%)=-3C1) Then Jx Sueh that aoo:o.

0. not, : 88— R? \SL‘SS‘ Y = 3‘6\4@( 33'—*’722\%“(3 Se b v Remmar
W(rsn)=& odd bu T exends Mo o dik o mcuij number & Zro.

Hom Sandwich Thesren .

let, S1,%. %2 be tee Qawex Subsets 0’;» g2 Thete % a P)qne? Such Hhed,
P divides each of S, 6,53 inlo equal volume precies.

For Ringle 'dlojed S, Ip Ve g% then, P‘t be the Planes 1Y, then 3Iyer
$o th ,P;x‘ Quk Sy equ% CBJ TVT)-
L>=Q4\,+x-,.\7>

Then Y= B 5 g0 = (ems %) —— Apply borsuk ulam.
g(v)=-3w)



