





















































Lecture -4
§ Wartm up Question.s
) Suppme  N,W be  {d- V8 {: /%IJ — i(V/W) slek VeV, Ahen the map,

R™
8\}:’\4»\/\), 3y @) = (f)(¥) s Cont-

) Swpse, (N, U-) 6 £dnds  and W awoter vorm on Ve Them, Il I (o 1)
6 Continucus- ‘P\,

3) S pose Wi a fd. vP-s, Tiv>W be a V4§ Léamﬂ\a'f;us»ﬂ,

De{fme, Uy V=R by, A9l = 1Ty Then, Lo i tnduced by inp an V-
Mareaver, i {0, Wng i an ONb, 8o IS iT'Cw. "(wuj
Solutions -
@ Cordinidy Nia Moms : NE>e . Such ol
h(0)- {\m I < gy Fr lclies ;o Fiuow o
) (v) - f < Swp }H*)Lv)-FCc)CV)
Wl fep)-ita w o VeN|sy 19l W
) Eﬂwj\ralam of' merms,
@ Tsivial

e U=V be o iff @ xeU, then D@ €L(RY K™

Df: U— 2R, R™)
X = Dfw)

§ Divectimal  derivative:  Suppse ‘Ft}])—>\/ a function and  VeRY e directional
\

RV
ole.r‘wa‘rwe aﬂm\g the  dinec ¥im  exist i dhe ‘%l\qw'vﬁj it & eXist,

jg/mo FC’l{ f\)) - -F(Z) = D,V’FC"‘:) ‘
> %

‘ PfoFasmm. Tf qﬁ U=V ts diffeventiable ot %, then {uoomj
v, i) exists and €quals  DFCA)-



Dﬁ{j'miﬁmi I_.G‘}; %ela'--; ehj b& ‘h"le. CQY\Y\JYM:C&[ kﬂéfs OF Rn; 'TE& 'Lﬁ/v P‘—.HOJ
dexivative D PRACIRY 74 the diveetiomal  devivelive  exists.

Nowtions fiU— R -hen De,‘—FCx) = gibcx)

hﬁeov’em: Suppase, LU R™ be diff of ael. let, £=(h,rf). Wt
usmal basts  of -R" R Pfa) s aé\mn btﬁ,

ot ey
Tw B
2 1)

M (a’)
o mx1)

v

Pattials  exist # dunckn %5 diffable # 'z_%\ij’l

Definition. A function  HUDY™  said b be A Of e diff onU-
@) Df:u— ALR™ R™ cio

[ Teorem: & U0">N™ 5o o function, Then + ik c' ¥ al the pontial exs
and  Continusus-

j)ﬂ"ooﬁ (=) (%)

'
Cloim s Nj, +i0=>® is

J

Using Hhe cladbmm § e dff able = f: (&, fm) 5 JLff.

by e Cloim, * is ¢h> 385>, St l|M\<gJ-

[| 04,6 - DR [ <€
Set,  §= min 5

]

[ Df cxe) (&) — 69 () || 2

” i[bﬁ(:xn)(z)- D () U’QJ W Uz

Uél L=

( 5 (| pf Getn) (¥) — D @) )
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= | DF;CU-L\)-—D\C:O‘)”:P < me?

v

N



?T’oo
g G]c o /l; partiols exists
4 %Cxwe_g%’d(x)
2| pon o
: : e Stuff j= D
s | esf (8 = (40
t —)’t\uz '751“)

—
Contiru
IH o{ ParLﬁaJ (,&J{yu,
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R
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Lecture-9

§ Warwm, Up
* Swppme V. {d-ips Fhen there 15 an Gamorphitm NV — VF = L(V, R).
X ¢ <—7">
) prove that ViV—VF is mamenic. (4, =E§"f —l"j;ﬁ/ J pell =<

2) SuPPcse deV = Z(,R): What s V7'(F) ? {e.,....,cn3<—>0~n~b of N then Y7($)= Z‘ pees) e .
§ Maxima.- Minitma
“Theorems &Aﬂaose {7:u'1»k, Where Uis open  and f has Ziobal rmax/im/m‘m'ma, at a
If, gi@) exists  Then -— () =0 ¥i. [, Corwerse s -QLSZ]
P’(’oo-F- As O s open  J&;  Suah, that T (ai-¢,ai+&) € U, define a.:(“"‘fi"‘"*éi> — R by
v t = £ @t a)
Then ?;_ hat a. moxima a 4ai. a;’/(qj) =0 but,

gL/CqJ:) = v,\(jm QCCW:'WQHL‘)-*) - {7 (Ou,-~. '"> = _%LCQ) = g-
>0 L X

femuwla  for pondial  dexivative- (chain Yule) g U K- Defire, Fx)= F(@y s Jule) ) 5 fUSR

hon, %= £ 3%

)

P‘B‘Laof. Ik{"ing, 8‘: ij.,.)jm’) s /— Rm ",'b\e/YL
RGN

By chain Yule Fic diffeventiable  and DF (@) = Df(gw)- Dg@) — F =Zi%*

ke 9 %

| ox{
of p)
('%gi)lxn ( a\jk),,(m (B_S’;‘)mxn D

8-3. Assuming  Siitable  differentiabilily  Campube 3 ,%: of

{ dh
FC!.j) 3 10(3(1.3), h(v), kt*a)) Mg‘% = %{ ?2 + ilz %;

_f_Eﬂ_

33 = ox 9"‘3 F

§ Mean Value TTheorem.

Theorems Lo, U™ CR™ Swch thod  Lay SV and fru—R” be odiff- on Uy Then

for all A 6R™ Fr@oley Suoh tat <& flp-g) = <xo DFEER) Gy

A Lug €U, 30 Swchothab  burlotlys b€ o) o



Prooft  Defne, F:(-6148) — R by, FlB)= <@, F(x1ilgy) ). |4, 8:(-g,|+$)->n§“—
%Hztf(l»ﬁ

defne, 4,1 R™>R Foen by, yb{a:y> . Them, F= é" fe9 = Fi diff- able
Now, <o fep—feo> = Fli)- F(8) =F(5) [MVT for 1-var, € (o) |
= DF (%) (1)
= D@, (fo9(£))o Df (9(5))° DIGE) (1)

= <&, DFCj (.2))0 Dj(g))
= <4, Df(yee)) (§0)) = <a, DR (FurC-v)y)(g0)) m
Theorem: (MvT2)  Game Seiuf 1 fep-feo || < i‘iﬂ I5) 1yl

Pmo{: Use the poievious Vetsion + wamuf Fmob\em i CW—Sahwadz ]

Y wmmj D))  Can be mfinite »
If fis ¢ then S lIDfee) iS finite (ﬁrm/a {+>
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# Theorem 5 fet VS R" s cpen  and Comected  and frU—R" & differenifable  and  Of ) =0
NreU | then 5 a Costant  function
Proofs U is Comvex- By MVT, f 15 Costant
Ay\ﬁ Open Connected Sebe | oy F - {”U‘ %‘?:‘Q"")}' A T Cottruout, E s closed-
# Claim: E €U i open
Proof E\lvij pot % ¢E 15 Cortuined . an openboll  Bl,e)CU, B(4£) is Cawex, Using feviaus
step, We ane cme s  By.€)CE:
?zmuj we Can  Gamclude E=U. Thus ot )moof s Gmplete: 4
H.ljhe,f‘ Derivative-
o Reawll, T f:U—RM o diff, then DF0 € L(RVK™. Mresver i Df:U— L(RIR™) ts canh

then e Sy {5 . N =2 ¥ 45 hoice difable i Df:uU— Z(RME™)

D'f:U— Z(RERR)

Ts  diffexentiable «

Explecit desariptton. Dim | Of et —pt(z) — D (R) “at(mm =0

RV
¢ S?wmi)ardj, one  Can  defme ’Kiakevo denivatives.
o A fuachion 15 ¢ if W5 X fral kel

Hijlnem Dexivative as  muffilineat mafSo

Same  old  def" of  Pilinear Muliline "Maf.

éxqw\,})le: det s VxVx- xN—> [ (au) / (“U‘) (&w~;€u> = (o,,...)J,)

(Oy--o590) — dk
— Notation : TK<\/,V\)):-= Space of  Kmulf Linear maps
T = FEOR) | T ()= VF (cual)

— Conshrypction O'J[ utili neart 'mo*f ’f(‘d‘m oM ¢ Sé‘]ok(\/>)T€ ’f’e’c\/) N S@TC\’IW‘)k, Wlo~)"’~¢> = SC\?.,‘-,\7'4>')
T(w,, -~ we

S®T 6 (TK'rL C\/>‘ proof  for  dim w1 Nole lhal,

148 © basis of V* (v, ®)
Nele, ¢@¢ &« g ¢ I5(v)-

. , K . “ e K

- o().m CCTKCV,V\D) = dim (“) dim C"‘O/ Incugh o siele Mk, § @ u%kf i onf
i basis of TE(V) - I Gapiles e
picef v




= Ne, ’E\a\/é an :SO'YY\G'(‘PI/LESV“) Q: I«(V) 'IC\//W) ) iTzc\/l |/\J> [c{escrip-)rm of the m‘,fsj
Q(T) ("?u\"L) =(T(.“7|))("z> ‘/—)

Coro. Tf § i "wice  differendiable,
3,(0')@ ) e T (R R")

B I 4 e ]—’H(’r)mjﬁ =DM (&) ¢ aed Bessian- Thus e have Viewed

Dl€ (x) as (dey)m —Fm e
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Theotem: &1 AV 2w)) —— T(in) 15 an omorphism. .

v 2

Froo f ¢ Exercise

Wootm. up :
@ fivr—R be M. leb JefS be e dual basts of {@;& . Then,
x = .'a—f x &
D) =320 &

O Gppme TR 5wt diff. 'm@n,
DQ"I[C@CC) ZBLW j on  eemen! of i(ﬂ%’} )K),

@ T: i(ﬂ??-wiﬁﬂ?ﬁﬁ)}—ﬂﬁ"( % VSO'moT’PfusrrL Suppase, G U"— Z(R2- (e R) % be o map
Then W@ % diffesentioble .

@) Su.PFase, o k™ oand  f= (,F;,'-%m). Then £ s ¢ f 343 o el

‘(e 9’1 ’
@ of Z AT ‘5'%%; oy = Dy (0F)(x) = D) (&) = DPfodfe) = 7 %1%1% e
Y

Covde T f:U—R™ is wo fime Aiff oble then,

N YxeUs @ (D“fm) E(TKOE’Z HZ'“)
2) & (D () (99x) = Derlene)

3> DKfex) 15 defermined by, iISFCCa)-“CC'k) :)4;‘).,,5,:“3

Nok: For wns=t k=0, DM(x) g determined éj Hesgan  madrix-

Theoren 2. f: VR, f= (fo-ofn) TFAE,
i fect(ov

i, M_ otut and  (andwous, £=)--X, iy €3hom]
%31,

Pfoo%’- (\/\le wil de it for k=g 'm=!>~

A

§Lamma gufilsose {0 R, % e i - Then o aaa &t anad Conk
. D.F(z)[@ Zax{mﬁ *
. @ZC le(z)> i %mme*(‘é Bilineart. — foem.-
o Ir fecd = 2L cank



92
é)—ﬁmm.' &*H)OSG; {1 0=R s Sueh fhat all Pojnsrvjrfovl detvative Of grder | ond O ex#t and 12 Confimueus
dhen, f 15 CQCU“).

PTOO{ Og‘ [mea 1 EY\GUG\’\ o P?[CNZ, ﬂ);'fd and 'QUN"’\L;/ Pdn}‘
Gme Because of C’> C"”}j“‘*s proof ?5)

wtit+en hexe
f:U— ;f’(nz“,ﬁ(m“,@)) S Canb-
I

(FH0) (63 U— £ (R]R) 4 x> D) () 36 Corke
U

The finction U—R, x> DfA(e)(E) % Conk- 7
P(}OO'F 6? l@mmq 2: G(@Ofd{j/ "H;le 'QLMC"{M 'LS C'. Bﬂ Wzﬂ(mﬂu? P‘OD]C "‘S Cf = D_F HS G‘ #&%ﬁj e C‘
%

[ omma Tf fiU—R % Such thad all pan}ial destvatives  of  otder <m  ane diff- Then f 16 m-tmes

diffeventiable.
Roofi Enogh do dhad for mzo. ALY exur ond Canbraous. = f el e s Q)
4 o

™
Congider the VS %mm?Wm) T 4R d(RR)) = R, E—ncuah o prove  ToD™E) i iff:

- - 1ines

] - s T met ] -1 . ; Y
Now, B . oTe D7 (5)6) = D) (& €im) = %x-)m = TO™() s M = D) w disp.

K SN
D' (ut) = AR

CUar 'S

Theorem.  Condifins  Jame  as  femma, ob €Y. FZ€Law  Sopp fhad,
om-)
F)-f@) =>" D (a50-a) + L O"F(25b-0)
o T

Reoal: Since, U % open, There  exut &0, Such that, attlb-a)CU Wt €61

Defime, g C5r)—R by t {(as “WO' Tc;jlor thesrem e one Vowable =
wm-)

g-gto) = £)- £1o) = / B3%0) + —,,'; an(e), 6¢ ()

g=fop = §(2)= D) 0)0) = DF (o) Tckeerivel,
8(1}({) :Z '3(1[( p () C bﬂ;’q¢4>‘ . Cbl_q",)

oAy - DLy,
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[ Lecfuoe—] 13/8/200y

1 |
De—ﬁ, S‘N(?PON =) o Pt R bed/ﬁfzemmhable~—ﬂ\en

denste e vecfor 20y a , an(m) by +he_
L\mﬂ‘mmp |

5

i @WW‘F UCRM—%‘R be tuiee diff (et a &y
| ond (,%'yxyo Pa 0t Blam) & . et 13ePM e

LS U =
Debrne g, 'Cfﬂ? ———?V&ug %u(“?) £ (a+tv)
Tm,@ gv(%) - ORGP

@ 3’ Cf) j % (a++tv) U, b,

D% o,

lj)

= <) [atev) Vi V)
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I mverse Function “Theorem.

—Suppose, PIR—R" %5 & Jot weU  Such Fhad, DE) o fwertible.
Then, 3 an open Seb Cmbzayﬁ %o S fiv—=f 9 ¢ - diffeon-

- I8 {5 asumed 1o be ¢, the the local trmerse s
also ¢,

- Cof‘otlc&ﬂj% I, f:Uu— R%  $1- D{®) is Pweritble, Y& ~then f s Open. map-

- EXamPle’: Consider the ‘GA"C‘HM £: Mo (R) — Mn(lﬁ) bj A=A o— IFT od T,.

2
- EX@WPK’J F:Uh— R Feltb), DF(=) to  fnverbibe o Some %oeU. DF(®) % v

IV (3%)  Such ek ¥y eF(Y) e can Say,

'E(Zh)xn> ’=31
bn (25 1) =Y,

Defimition s Suppose, $:0 S R"M—R be o < then  S=£'(0 i called Reguar m-Level Sunfoce
n R™ i, 4 S4E  b) Dfx) has tank 1. ¥ze(.

Examples (D S s FALevel Sinfoce
W) S" s (r)-Revel Snface

. 3
® fR—R (27,73 ek P0) = iefindle Ofinder

Deﬁm:ﬂm t A affine Subspace  of R"' 35 of the foom. =zt W, ceR"™ and W cRM % VS

Codimension 3= (nt)—dim W

De&m:ﬂm:(ﬂomﬂj ijuylana SCR™ \owUﬁ %Paptanc» i Goven xes ,30CcRY open. Such that x €U,
AVCR™ and o C-difeam $:L—V s,

$(uns) = {56\/2 Yo =z§



# locally Ir\ﬁperplana

— Corollany (of TFT): =@ 15 Teqdat M- devd  Sinface- Leb x€S,  and Oft) $o by Renk)
and  WLOG, %ﬁ—cmuo. Congider &:R"— R, (&,--- x-n)l—»(m,,r,xﬁ,\cm,»-,ﬁ")) D& (3 )
1S invertivle

)

\
N Q:iu— F) 16 a - N tn Some ULR™ and BN = (- 40) €B0): o =0 3

Impu’cﬂ- funcrion. “Theorem.

— ®1: Can S' be wmiten oo jfaf\'\ of fanction @ m
- ®i: (% 9) ¢€R* and { (xa%) =0 , Does 3 open nod Q2 of (x4) ™ R® Such that 208 s 3{’4‘:). of

Some -Fundﬂm e~ >
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Impl:a’+ Finction Theorem..
Notation : @Smfpase mwm, ZER"= R™ xR® s Z- (%)

@ £ —R™  be-oiff able. RY— ok =T (¥ tam, Yo s4dm)  Then,

; oy - 2 L
Df (o) = [ °F Paom Y =
( 5 T = [ Dgonf | Dyt
N {EY:
oy 0%n-m 3\\;’; )
——— -—
Dpmnflot) 5 (T A Dpnf Gy

@ ¢ g F(wn,4,%.9,) = (Qz,m g -), 1A+ %)+ YE g, KUt m.‘wﬁ?)

a = (O,l,#a l ') y CO‘WV\.FZA}Q Qi£cﬁ)7 lDRg’cca>~

w9 +blo -
Computaion— | © 2] 0 1 - Dgsf 35 tover

§ Theorem = Suppose, FiU"— R™ be C moveover  Suppoe J (wh) €U
Sothat, f(m¥)=0 and Dpgmf(=y) % Iwerible. Then, T wed 2 €V
n R™™  and a:\/—% W(SR™) Such Hhat Demf(xy) % Sverkible , ¥ (xn) eVan
ond  f(xg) =0 ¥ zeV.

MG‘(‘C ovel, ¥xe\/ we (ﬂo\f\lé- DgC‘) =T <D¢Em+&’%o{))‘| (Dozn-mF) CX’%CD)-

Komark: @ i Ca»ﬂ) : )CCX«‘j)zoé = % Cx,g(x)) s X é\lg
Vi

@ Ir [ ¢® dhen g i abo C*

Example:  fiR'xR*— R 215 DF(ed) = (0152%) | DpbCu)=240 | wveckibie 6 Y, #0. By IFT
Jopen VER (3%) and  weR(GY,) V=, @ st Dg (3)#0 ~y) € V1.

$'n (\/xw> = s_(jqaa)) ; xe\fj
Note Da(lo)z “—g—%
~Concrete expression of gi S'njy»es. V= (), <OI;V—>[R x> i
F = X




O Get back 4o the exampe 1. (du'h,4s) Can be expressed tmphicity  as o farction.  of (),
CTaﬁéenf Spams
let, Ti(€e)—IR" be o Smoth fucton, % Said fo be o Crve passing
Thrangh YO)=P  With velctity ¥-(e)-
Example 1 Ypgilee) = U™ by > prtd.

Defs The &uﬁan} Space Tp Uff_?Co) 0 Ra wwe parsing Jfb\m%k fg

n
o Nef@., TUw Rn

o Nole that U % o Veckr KFace- U= R

CC,R

Ppo\?os'iﬂm: (Dcv‘i\/odﬁves as  Kneart maps b/w ‘hmﬂen‘r Spues) | et, fa0"s V™ be ¢
and VETB U, F€o and Y1 CEE)—Y  Smooth  Sete

Df@) T%U‘* T\/ % a Ainear ap
f()

v(0)=DF(®(v). So,

Froof:  Take M= Lo (o, 1)) .

§
NS

Dader 24/08/24.

= Let, Ack be any s, H:A—R™
fiu— r™ Suhthat,  f,=f.

Leciv\ne- 11

[3 C‘”/Smﬁu i Fopen Subser UCR™ (AgL))) a - func

MCR™ % called R=manifold ™ K" i, ¥p

s W apen  n RY woPp, Hopen
Supset U< R¥, YiU—Re, ¢ &t .
* Y ¥ ame-one oY ® T
¢ Y(U)= MOW e
e D\P thag "ZAM—Y‘an,k
o YWIIMNW-—U % ¢* % 8
Kemark 3 (D M % locally  Fuclidean @ W(V) € M 18 open.
@ Y 5 called local porametizabion- O D called chod araund P.

e
W d: MAw— U. W Y(V)=MNW Called oond
Chad  onound P



Exam)ples- Recalt
¢ Defr— level Swiface
OR™ & a wmanifold. - ¢ Def_ Teghon k Leve
Swface.
0 Open Subsel  of a mani {olol -
Theotemy..  TFAE o

n I
[0 McRY  NpeM, I B T R) ard a €% fuction g:V—R™ St
MNB = F(SC,!\) (Permutakion of G ordinades OJ,L&LO@OO‘

M IO /KGUL\Q Hike ,Qew,lsd o‘{) \QmCATm. |-
VpeM, Y FA-qen tn R, PeA and  C function  {iA> R Swch thal, FI0)=MnA
and  vank (chr)>:n—k) for il LeA.
M % a manifod tn R"
EXamplQ,
O T (o) {rRD = &Y (s> T > (o, whan)

Now ™ = £ (1,-1).
EXCY‘CK@ H —rr“ = S‘XS‘X""' xsl

Ropostiont  Ang veg. loweh - e of R™ % a kmanibld: (By ) of Hn)
froposttion.  Suppose, VCRS epen  and F Y7 R™ % a - functton
“Then, f‘(g) % a anifld m R

Prosfs Follows  From explict  descriphon. -

Mot o Hhe propesition -

O=@ Define, A= (YXR™)NB, f:A—R™ (ug) 440
Exe: Complee the  prod.

O=>® U=V and V:0—>R", Y@= (xge),

gxe. Complete the prat.

@ =0 dueck mail

@=Q (Tmpkct fnclion Theoren)

L@h b= Clm‘jb) € RKX [Enflﬂ 5 %éA O(Y\d e"Co) =MNA = ‘FCZo,‘jd) =0 A 7\0‘ Uhe IF'T
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Wartm up  feb, U\/C’lR“oPCn) fiu—=Vv be a - map, Jg:v—U, Comap with 8- -
Pove Fhat  DFE) (T50) = Ty V-

Boof: o= 1dy = Dalit) DW= td,

—Iz(,nje,n* (S pas .

&\V\ N + . L+ le
ote: Definition of TeM o\epends on
TM:=DY(v (‘l} (P]U) Q the local parametrizdion.  and,
dim K U R e Choice o{? open Set .
a5 a V-§ of 70
TpV 9(n

Propostbion.  TThe choice of  (UY) donot mabter Jor the deftnttion of TyM.

\P'lo\vw Ny — V)
s O\VZ PNy —>
L S, b&& Wartmup e ane done-

® MCR, ¥peM,IB € R} and a C* furckon g:V— R™
MOB = P(g(,x\) (Permutation o} G ordinddes Wa) ag) TeM= i(v Damw) Oéle

Tﬁeomm.

@ M /ocaru:j /Y,GU&S dike  level seb o<[> \deyon |-
¥peM, Y TA-qpen ™ R} PeA and C funclin 1A= R™ Swh thal, f'©)=MnA
and  tank (Dfto) =rk, ool XeAr  And ker (Df(p))= TEM.

Pwoﬂgié)?A local Pal]ame‘fﬁSa)(;\aY\, V() = (2g00) 3’«\/‘(—* R, M= Raﬁe DY (¥(»)
= %(o, Da(p)(v)): ve uzK}

@ F"(ABZM(\A B an 6‘})@(\. Subset of M Coniating P Charse a Co-ordinate L\),\Y> N'ldunok
PoSwh thaf, WV eMAA. T, foYiU— KR 8 Conlank- Ute  Ramk wmj blah.. -

PM,P 1%»{\ CoRoU_AR\( 2. There % a  Cannonicd _LN\C\”P(‘OAMLJV S <Zﬂ Ta,e;(0), 7 Ve, (b)>
Iga MClR J TM OT K; (TPM> mdkes Sense.- Zq‘ b

P ) L
Corollany 2. S=F@) and £ (h- 6D, I6 bes, “;s%%@xk vL.5)

Prods S, DIG) Mot nark fuid, %\VH“O,V',VF;‘@)S ane LT Note, VETpS= ke DE(p) >Ve¢ V¢

Vi

o, Tps € Vi « To aa @‘wuﬂ Check  dimen8ion.



| ectune — 1% Dabe s 05/0q/ay
U_oé{ Ole Quiz sth’ﬁcv\> je(u;M/Z)= (Fu(‘b"-%/l), {2 (wxy2), Y;(—)).Ncw, D,R;f(“-vlo,j.,?o) is  twertible - M

Ccmnandf frU-R be ¢ Such that  S=f7(2) i a RAs i RS If, PES) then
Tps = ker (bf()

meka?ﬁ? S be a R4s and 5= F() ohere, £ (fsh). If pes,
then Tp3 = (SP““QLV%(P%)L‘

Def*s M be a k-m:m’fou R, with a nadwial tnp Stuctww on TpR®
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S't 2’5 hM \0(’.41 ™MAXT Ma 'YY\I,Y\I.YY\Q. at Pe S . —_mﬁn) 3 ﬂ|:r~-7 ?\Vl S‘t
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