




































Lecture -4
⑤Warm up Questions

1) Suppose V
,
W be fod . US f: -> [I, w) . Let veY

,
then the map,

IRM

gv :U-> W
, gx() = (f() (v) is Carto

2) Suppose,( ,
11 : 11) is fidonols and111 another norm on Yo Then

,
11.11: (V,

11 : 11)
is continuous· ⑭

3) SupposeWis a fodips ,
TiV- W be a VS isomorphism .

Define,
11.ly : V-IR by , 1/ = 115W/w . Then

,
Illl0 is induced by imp on Y.

Moreover, if Sw, ..., was is an Onb
,

so is [tw) , ....,
T " (wild ·

Solutions:

①Continuity via norms : 330 ,
IS such that

11f() - -(c) IIS I
forIn-CKS ; gin-w Y

n feaus-eccallySage
② Equivalance of norms .

③. Trivial
↓XXXXXXXX

· fiv-Y be a diff at ceU
,
then Df() -L(IR", IRM) ·

Df : - LIR" IRM)
2 - Df(x)

Directional derivative· Suppose F: U ->Y a function and UFIRY the directional

E
derivative along the direction exist if the following limit exist,

him f(x+ tu) - f(x)
=: D

-
f(x) ·

t -0 t

↑ Proposition : If f : Un-ym is differentiable at u
,
then for any

U
. Duffal exists and equals DfcusCo).



Definition: Let, Se, ..., ens be the Cannonical basis of R The ith partial
derivative Def(c) , if the directional derivative exists .

Notation : fir-> I
,

then Def()=: )

Theorem : Suppose, fiU-Rh be diff at a U . Let, f = (f ..., ful · Wort

usual basis of RY & Dfia) is given by ,

(a) ...

(a).

a
.

I

mxn

Partials exist #3 function is diffable ty

Definition. A function fir-ym said to be Dif Of is diff on U.

⑪ Df : n-> L(R"
,
RY) Cts .

Theorem : fiv"-ym is a function
,
then is diff all the partial exists

and continuous.

Proof. (E)~ (E)
e uses the case m = 1

Eclaim : j , :u-ir is co
-

using the claim fj is diffable=> f = H, ..., fm) is diff.
by the claim

, ty is a FS; 30
,

st /kS
;

1) Dfj(+u) - Df
; (1) < E

,

Set
,

6 = min Sj.

11 Df(+h) - DEEpp =Sun 1/ Df(th(K) - Df() (R)112

=Su//futh)() - Dfi(u(]wI

=

Su (i)(k)-Dil
= IlDfi (+h) - Dfi (h) llop < ms2

221



partials exists

S
Proof of claim : Ifj(+ tei)-fj(k) - Y y = Depf(x) = (y , . . . Ym)

<ZI same starta

= /) f(x+ tei) - f(x)
- y()

t
-Continuity of partial /Similar Computation)

Proof for m =1. form-> 1
,

Partial exists and continuous => f is 8)So trivial
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Warm Up

· Suppose V fdips then there is an isomorphism V-y*
= L(, R)

x = <- x)

1) prove that : V-V* is isometric o 1/Pulop =SMIY J· 111 = 111

2) Suppose DEV= [(V, 1) · What is
"( ? Se -

.... end on . b of X then -10)= leilei
·

S Maxima-Minima

Theorem : Suppose fiUR ,
where is open and f has global maxima/minima at a

If
,

(a) exists the a = i . [Converse is false]

Proofo As U is open Je: such that Tai-siditei) =V
. define g: ki-si ,

ai+si) -> IR by,
t +> f(a- -

,
t ... an)

Then. G: has a maxima at ai . g(ai) = 0 but,

gai) = lim fl , ,aith ... )-f(a .... .. ) ) =
n-> 0 h

Formula for partial derivative· (Chain rule) g: -> I . Define, F(x) = figuy), ..... 9m()) ; fir.

then,
proof . Define

, g : (9p .... 9m) : V-> Rm then

F: Un & >m f
>R

By Chain Vule F is differentiable and DF(a) = gall ·DaIt

In ()
man

Eog . Assuming Suitable differentiability Compute EF LFof

E(r,y) = f(9m, y) ,
h(), K(y))~

⑤ Mean Value Theorem .

Theorem : Let
,

U2@RM such that Lay EV and fir-> &" be diff. on U
.

Then

for all a EIM Fzla/ELuy Such that <a , fly)-ful) = <a , Df(zcal) (y u)].

As Luy GU, 7830 Such that, Etuelity : to 76,
1 +s) 3.



Proof : Define ,
F : /S . +S)- # by ,

F(t) = <9 , fle + tly-u))]· Let , g : <S, Its)-> R&

-> cet + (l-fly
define,I : RM-1 given by , y * /9, %) · Then, F= Po fog = F is diff: able

Now
, (a, fly)-f(us) = F(1)-F(0) = F'(E) [MXT for 1-var, (0 , 1)]

= DF(q)(t)

=> D (fog(E))oDf (g(2)) o Dg(3) (t)

=<a , Df(g(3)) o Dg .(E)]
=> <a , Df(g(y) (y x)] = (a , Df(qu+ (1- T )y)(y -u))

Theorem : (MXT2) Same Setup,
1Ifiy) - full < Sup I/DAE)//Iy-ull .

Zelay

Proof : Use the previous Version + Warmup problem + Cauchy-Schwartz

Warning : I can beinfinite If (II) is finite. (Prove it)

-
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# Theorem : Let VER" is open and connected and f: U-IR" is differentiable and Df( = 0

HueU
,
then f is a constant function ·

Proof : V is convex . By MVT, f is constant·

AnyOpen connected set . Let
, E= Guer : +m = finol) · As is continuous, E is closed ·

# claim : E EU is open .

Proof : Every point votE is contained in an openball BM, 3)EU, Bly ,E) is convex
, using previous

step,We are done as Bly ,
3) CE

Finally we can conclude E = U
. Thus our proof is complete. IIII

Higher Derivativee.

· Recalls If f : U-> RM is diff , then Df(u) + L(RY, 1m) .
Moreover if Df : V-LIRY 12) is cont.

then we say f is C . We say f is twice diffable if DF : -LYIRM)

is differentiable.

mNote:

Explicit description : him IIDt(ath)-p+ (2) - Df()(2)/l@TM) = 0 CAU-ICRITYh-0

Illian

·Similarly,
one can define higher derivatives.

· A function is if it is CK for all KEI .

Higher Derivative as multilinear maps.

- Same old deft of Bilinear Multilinear/-Map.

=>

Example : &: YxYx ... xV-> IR

(0.. . . . , un) de (arj)-
(aij)(2 , ..., en) = (v, . . .,n)

-> Notation : T"(V, W) := Space of K-mult linear maps

- (v) : = -" (v, R)
,
-'(x) = Y

* (dual)

-> construction of multilinear map from old : SefK(v) ,
Tef(V) ,

SOT(,K
,
wi ..., we) = S(....,vi) ·

T(r -

> we)

SQT + gkte (v) ·

=> dim (1" (v, w)) = dim (v)"dim (W) .

*



=> We have an isomorphism,
L(V, [(w) EJ(X, W) description of the maps]
(t)(,) = (T()((r) 0

Coro . Iff is twice differentiable,

(D(f)(x) -T(IRYRM)

- If
,

m = 1 The matrix [HCH(u)] = (Dfiue))(e;) is called Hessian . Thus we have viewed

Df(x) as Bilinear form :
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Theorem : : ((v . .... ((w)) - -"(w) is an isomorphism .

Proof : Exercise i

warm up :

① fiY"-R be diff .
Let, Seit] be the dual basis of See] · Then,

Df(x) = [() et

⑪Suppose,
fir-R is twice diff . Then,

D + (2)(i)= e an element of (1).

⑪ T : L(IRY ... . L(RYM)) < Rh is somorphism · Suppose, giv"-> [CIRY ... [RYIR)) is be a map,

Then Tog is differentiable .

⑱ Suppose, fir"-> Im and f= (f) ....fu) . Then f isC iff Etis are al

⑪ Df =[i exist => Pei(f)(x) = D2f(x)(c) = D2 f(x)(ei)= e

IIII

Cord2. If f : Uh- Rm is two time diff: able then
,

1) Nue U . E (D"f(x)) E-Ih" IRM)

2) I (Df(r)) (Up .
. .

, (k) = Difin) (ei)(e))

3) DKf(x) is determined by , [Df(en)-- - (en) : 1. ... is ins

Note : For m = 1
.

k= 2
, Df(x) is determined by Hessian matrix·

Theorem 2: f: U-IR*
, f= (fr... tm) TFAE,

1
.
+- (un)

· . Gift exist and continuous , 1 = 1...,, i th... m)
2-- Di

Proof. (We will do it for k= 2
,

m = 1) ·
#

Shemma : Suppose t:- is twice diff. .Then exist and cont,

· Df(x)(e) = Zeuj e,

· (Df(x) is Symmetric Bilinear-form.

· If f + =
y

Cast.



Shemma: Suppose, t : U-R is such that all potential derivative of order 1 and 2 exist and are continuous

then
,

f is ((r) .

Proof of Lemma : Enough to prove ,
third and fourth point.
↓ ↓

(true Because of C) Conly this proof is (
written here

D2f : U + I(R" [IRY 1)) is Cont.

S ↓

Drf()(ei) : U -> L(IRYIR) * x+ Df(u) (ei) is Cont.

↓

The function U-IR
,

ut D'f()(e)(ej) is cont . III/,

Proof of Lemma 2 : Clearly ,
the function is. By warmup Pope is Of is E are

III/,

Lemma If f : U"-R is such that all partial derivatives of order <m are diff . Then f is m-times

differentiablee.

Proof: Enough to show for M32 · All exist and continuous· -fisef is m

consider the US isomorphism,
T: [II(RY) < R"Enough to prove TODM"(f) is diff.

m-1-times

Now
, P

...,
im ToDM

+

((x) = DM-f(x) (eir , ..., eim)=f ToD() is diff = D is diffa

Notation
to ... tikaD"f(x, t)=id Hi

Theorem . ConditionsSame as lemma,
a,

b U ,
FEthan Such that,

f(b)- f(a) = mpf(aib - a) + DMf(zib - a)
K

Proof : Since
,

V is open ,
there exist 80

,
Such that

,
atteb-a) [UX + +(5, Its)

Define, 9 : /S, Hs)-> IR by the f(a + tib-al) . Taylor theorem for one variable =>

g() -g() = f(b)- f(a)= g((0) + gm() : Ot()

g = top => g'(0) = D .(fop)(0)() = +Df(a : b -a) Inductively ,

g()(t) =[ (be- a b
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-

-
nverse Function Theorem .

- Suppose ,
f:IR"-IR" is let noth such that, Dfko) is invertible.

Then
,

I an open Set Containingno St . f : v-f(u) is -differ.

- Remark : If, f is assumed to be Co
,

the the local inverse is

also C .

- Corollary : If,
f : U-1" St. Dfh) is invertible

,
te then f is open map .

- Example' : Consider the function f: Mu(IR) -> MnliR) by At> A - IFT at In

=> Example? F : Un -RF= (... , +2)
,

DF(0) is invertible at Some cot. DF(0) is in

7) (Gro) Such that YyF(v) We can say,

fi(te.... kn) = Y ,

In (2:
- kn) = In

Definition : Suppose, f: UEI"-IR be a c then,
S = +"(p) is called Regular n-level Surface

in IMH if, a) Sb) Df() has rank 1. YoeU ·

Example : O S is 1-level Surface

⑪ gh-is (n-11-level surface

⑪ fir
->R(43)/ +(l) = infinite Cylinder

Definition : An affine subspace of R is of the form utW ,
wel and WERHisY

S
Codimension :) = ): (n+) - dim W

Definition: (locally Hyperplane) SCRhH' locally hyperplane, if given RES
, FUCR" open such that neU,

=) VSIRUH and a 10-diferm :-Y Sit
,

& (uns) = Gy = V : Yn =0



# locally hyperplane

- Corollary (of IFT) : S= f"() is regular n-levelSurface. Let,
nes

, and Df) to (by Rank)
and WLOG

, ) to . Consider :R
,

(- kn) (c...,, f(x)---

, +)) ,
D-,)

is invertible !
~

G : U-f(U) is a co-diff in Some VER and Us) = G(y ..., Ym) +(0) : Ynx =0)

Implicit function Theorem.

- Q1 : Can s' be written as graph of function ?-
-> Q2: Mogo) EIR2 and f(x) = 0 ,

Does I open ubd me of (0, %6) in IR2 Such that &1S is graph of

Some function. - sl
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Implicit Function Theorem
.

Notation : O Suppose nm
,
ZER" = 1A-mxRm - z = (y)

② fir"- Rm be-diffable
.
1" Coord (M ...., kn-m ,

Yps ...., Ym). Then
,

Dt(0%) = Em =: (Dirn-mf (Dismf)
----

· · sn

- 24a-m
Dirn-mf(20, yo) ---
- (n- m)xne mxmX Drmf (20, Yo)

.

③ E .g : F(UYeys) = (2x,+ +y1 +Y - 1
,
xx3+ 201 + x3y2 - y243 ,

44m3 + 2yi+ y,3)

a = (0,% 11) ; Compute Dpf(a), IDrsf(a) .

2 I 10 I

Computation- ( O 20 A -Dist is invertible ·

1 - 1 I I

-
- 3x3

3X2

&) Theorem : Suppose ,
f : Un-1rm be c Moreover suppose F(oo) EU

So that
,
f(uys) = 0 and Dirmf(yo) is invertible . Then

,
7 ubd no EV

in1mm and g : V-W/m) Such that Drmfluy) is invertible
,

(20,) evxw

and flugu) = 0 AxeV.

Moreover
,
yueV we have Dg() = - (Dirmfig)"(Dirnmf) (gou).

Remark : ↓[(y) : fluy) = 03 = &(x ,q(x)) + x-]
YW

2 If is co then g is also 18
.

Example : Fi'XIR-> R's why1 ; Df(y) = (200, 240)
, Drfcro) = 2%, invertible if yo to . By IFT

EopenVCIR' (74) and WERtEy) , giV-N ,
c Sot Di+ (y) to y EXXW

.

sin(vxw) = [ (g() : nex]
Note DG(o) = -E

-> Concrete expression of g : Sindysos . VIG) , giV-R at Fr

g(u) =-



Get back to the example1o (YpY, %3) Can be expressed implicitly as a function of (1942) ·

Tangent Spaces.

Let
,
V : (32)-> Rh be a smooth functions is said to be a cerve passing

through v(0) = p With velocity p= r'(0).

Example : VP : (32)-> UV by to pe to ·

Defi : The tangent Space TpU = Ev(o) : v is a curve passing through pS
Note

, TpVR?

Note that TpVL is a Vector Space TpU= IR!
-

YesR

Proposition : (Derivatives as linear maps b/w tangent Spaces) Let
,
firz-vm be Co·

and PETpU , 13so and V :FEE)-> Y Smooth St. v(0) = Df(p) (v) . So,

Df(p) : TpU-TY is a linear map

Proof: Take V fo (Vpr(t)) ·

II/II

↑

Date : 29/00/24 ·
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- Let
, AIR" be any set

,
f : A-IM is co/smooth if Jopen Subset VERW (AU) ,

a -funch

: V > irm Such that
,
Fla = f .

-> MSIRR is called K-manifold in Ih its p, Ewopen in R wop
, topen

Subset VSIRK
, Y : V-1Rh

,
co set

W
&

· ↑ is one-one ⑭ Y
M

s
·N(u) = MrW

IRI

· DP has full rank.
· 41 : M1W > U is <8 is Co.

Remark : 1 M is locally Euclidean 10 ↑(V) & M is open. Y

"T is called local parametrization .
v I is called chart around p.

111 E : MWIU · ↓ Y(V) = MnW called cord
Chart around p.



Examples. Recall

· Defh-level Surface
DIRU is a n-manifold. · Defh-regular K-level

surface.

⑪ open subset of a manifold .

Theorem. TFAE
IRK
VI

1 MERY peM , FBRY and a co-function g : /->MK So to

M1B = M(g(1) (Permutation of Co-ordinates allowed)·

-M locally looks like level set of function . Ie.

ApeM, EA-open in IRY PEA and Co-function f:A-R** Such that
,
f(0) = MA

and rank (Df(u) = n-
,
for all KA .

13 M is a manifold in IR?

Example

⑪ Th (n-torus) filR-> RM /---> Pensken) > .... vinta
Now Th = f+ (1, .

. .. 1) ·
Exercise :

"
= sxs'x ...- - xsI

Proposition: Any veg. level K-surface of 12th is a k-manifold. (By 2 of thi.)
Proposition. Suppose, V& IRK open and giv-> li* is a co-function ·

Then
, M(g) is a manifold in IR?

Proof: Follows from explicit description -

* Proof of the proposition.

# Define ,
A (VXIRK) /B ,

f :A-R** (xy) y-g()

Exc . Complete the proof.

# V = Y and 4 : U-RY() = (ngcu)
,

Exc . complete the prof .

③ check mail .

② =D (Implicit function Theorem)
Let

, p = (40 , Yo) @RYXRAK , PEA and f(o) = M1A- f(, %0) = 0 And use IFT.
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Date : 2/9/24

arm up : Let, U
,
V & R"open ,

fir -y be a Co-map, EgiV-V , -map with gift
prove that Df(P) (TpU) = TapY.

Proof: got-Idr = Dy() · Df(P) Adyp00·

Tangent Spaces.
waR"a Note : Definition of TpM depends on

1/11s J
the localparametrization andTpM.-D(To M ↑

# VER" the choice of openSet .

Tor -
↑

Proposition .
The choice of (44) do not matter for the definition of TpM.

·
P

Uz
U

, Yor," : v -> V

Y Yz YoY" :-Y

⑪ So
, by warmup we are done.

Vz

Theorem
.

MERY peM , I BRY and a co-function giIRM Set

M1B = M(g(1) (Permutation of Co-ordinates allowed) · And TpM = [N , Dg(v)( : VAR)·

2 M locally looks like level set of function . Ie.

ApeM, EA-open in IRY PEA and Co-function f:A-R** Such that
,
f(0) = MA

and rank (Df(u) = n-
,
for all KA . And Ker(Df(p)) = TpMo

Proof :07A local parametrisation ,
Pr = (g) g : VP-IRNK

, TpM = Range DY(4+(4)

= [(v , Dg(p)(v) : VERRk)

② f+ (0) - M1A is an open subset of M Containg P. Choose a Coordinate (v, Y) around

↑ such that
,
P(V) &M1A . Thus, for :U-1 is Constant · Use Rank nullity blah...

&

Prep. for COROLLARY 20 There is a Cannonical Innerproduct on Tu ; (Taie() , [bire()
If, MEIR" ; TpM@TpRY (TpMt makes Sense.

= Zaibj
i=1

↓ regular ↓

Corollarye . S = (a) and f= (fi .... fu) · If
, PESs TpS = (Sean&fi .... fu3)

Callit
+

Proof : Since, Dfca) has rank full Elas ..... fulal] are 1. %. Note, veTpS = kerpf(p) Everet

so
, TpS & M · to get equality check dimension.

I
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(Last day Quiz Solution) flumez) = (filmyz) ,
faux, , fa(-1) .

Now
, Dirsfinmo, gozo) is invertible

Corollary. F : UTR" be 10 such that S = f+ (a) is a k-1s in 12? If,
des

,
then

Tps = Ker (Df(p))

Corollary? S be a k-ls and s= f+ (0) where
,
f: (f, . . . . . , fu)· If pes

then Ips = (Span[Yfi(p3) +.

Def : M be a K-manifold in IR" , with a natural imp structure on TPR!

We define Normal Space NpM := (TpM)tI
Moral: If Sis K-vls then NpS = Span [Tf()

Example : F:1503 -R by, Eng ,> City+e) . $= (1) · fligiz) = kning ,2)

----

-

$2 (Normal Space)

The Method of Lagrange Multipliers (Maxima-Minimal

Suppose foun , Rh is such that
,

S = f+ (a) is K-vls in Rh Suppose
Theorem VeU is an open set in 1h With SEVEU and giV-R is so

sit Is has local maxima/minima at pes . Then, Ex-... an Sit

↑g(p)= i (P)

Task : Think about the above statement forhurls onIt

Problem 1· gluy)-ry with the condition ntyz = 3. Find the maximum ofg .

Proof. fileR
, (y)+ Inty). S= +(3) · Take V = Ros , then S &V . Let

(0, %) be a point of maxima/minima of g on S. By the above theorem,

=>XE IR,
S . to

Yg(,)= XYf(Yo) = (2000 , 402) = - (200 ,
2%) ② No = 0 = X = 0

D x=% it 48 = 2y? -Yo : 11 and KotTE : Yo-IT

Now check that
, I has maxima 2 and minima-2· G

Proof of the Theorem. E.T. p Yg(p) -NpS . Let (W,Y) be a local param. of
U s around by N(w)nyop is

V-> open subset of S. Thus P-((w)nv)
↑

1118
is open in W . So

, (P+ (4(W) ,N)
IRK
-w

is local param of p.



Lets petpS . So
, WeTrp) (M(NWInv)) So that

,
V = DP(N+ (p)) W. Let, U be the crowe relating

W . Note that
,

goYor : (3
, 3) -> R has local maxima at 0.

· Dq(p) · Dyly+ (p)) ·D = 0 =>> Dg(pu = 0 => (g(p) ,u)= 0

= w

This is true for any vetps . Thus Yg() -Tps
*

<Tr So
,

the proof is complete.

>>>>>

Theorem (Lagrane Multipliers) Let, U is open and fir -Rh be , such that f= Hp ..... fu) . Let

S = f(d) . Assume Dfla) has full rank......
Yg(p) + [xiT/fi(p) =0

Def : Un and per, a) We define P) to be the Set all pairs (f,v)
and pev(cul and fiV-R is a C function ·

-

(b) We say , (fovi)-(g , vc) in colp If EWEU
,
fill =gen) for W.

This is equivalence relation.

(d) (0(p) : espe
Exercise . (O(p) is ViS


