_ranjem* Vedors as Devivalien ~Loctie=

Recalle  The deftnition of <(¥)
Define, (0t = L[, R) (the duat). Abuse & yolabion, GCT6v3) = £(F).

ef
Detivalion:  UCR™ be open Sk We d-ine, derivabion on (°(p) % the Set JF

§eC(py  Sdi
¥ “ dlfg) = &tg@+ ) 5(3)-

MOR‘)
Der (¢*() < ¢

Fxample. _%L}P e CY (Well defined)

Roposttion:  UCR"-cpen, PcU. Leh {&-»ef be the Gamnonical
botis  of R define a dimear map

FF: ToU — Der (¢ ()
Z G )b S0
) o F
Fothermare, B % one-one.
Proot: Just need o prove _gi:lp} % Hnearda ‘mo\ePenaieNr St
of  Der (™ (P))- %,
~ Infoet the map B B8 onbo adwell. 5o,  Der (¢=(») ;V's’lgu.

— The diag%arn Tp U F, > Der (€7 CP\)

@
Df (P) [ k DF(p) = I DFGY B
Ty R™ V"_’, > Der (¢ (¢(»)
1(P)

Kemark: From mow we ?olmkﬁ szenk Space b Space & derivakion
and  View the deative  DI® as Ameart map BER) s above
I0 BU"—RM then  DE(P) ¢ TTU"— Ty R™ o linean map. If
$Xi3 18 coordinate onO"  and iﬂ;} Co-ordinate on. R™ —tHhen
U= Spani |l Tiw K" = s,aan{%m\mg,

DIEE) = 2 4 IE®, V) D5l



?mpos‘d;‘fm: fou"— R™ Then for an ge (), We ane,
DF(PM\?)Cg) = (gof)

Def?: let, M be a k-manifid o R® and pe M-

[@] Define, C\’-'RTZF)JLG,V) PV open Subsel AM and fiVoR c’g

[b] Define equivaleinee  Telation om P as before

W = G/~

[l Destvation, Der (GR()) = {ge Gt dlegd =8flge + ﬂmgc&)j

| ocal patmeivi Zadion (UV): Define, (W wote Co-ordinales on. U)
XY, = DY (3z), )

Al

A= DY (2,)@

A0}
FdeswcrL% let, M be « kmanibld W R and (U ‘Y) % Jocad Paniam-
Then, X7 EL 0K % a bax & M.

Prasfs  ToiM= Tmage Cov(v®)) . S He dmTmu &
[h)wz,m‘y;&: The def" & X:\V[Z (xe L) ale,iwr\)s on choice o (UY)

Theorem s Let, M be a K-manifld in B” and peM. Let, (UY) ke
A Co-ordinate  aound P

1 T (W — Der (3 ()
FW)(t) = V(fov)
Define, @_'E:F: Der (€3 (1) — —R?-'(,,J(@ s Chek Fhat o %
F(8)(#) = SQFO\V‘O tTrwerse d% above "n\cf)
Cooll: M bo o Bwanifld % R? TpM 2 Der (C3() z

N

Xlendes to a dmetn fune Py‘—)N)

M

(.
Def" T M—N 3 . Defines

DE(p) ¢ TM — TpN
DE®)(g):= ocaof)



| ectwe — 1B Cibta, Class .
Recall. UCR" (6P6%> Then, {3%‘\?’; % baais d? Tp U

Vector Felds n
° @ Xo= > 60 2]
Def?: X:U—> UTU / i :

qev

So, X(®€ TU. Heow does I lotks  Aike ¢

A Smovth vestor ftekd. X:0— TU [Bundk) S Hhad, GO (as aloo)
arte (L)  Hunction

“SBet of aul Vector feld % densled by (V).
mes‘:ﬁm- D Let, Xe¢ ¥W) and fe (V) Defme, f.x 2 U=>TU
by FxXO) = EXE Then £ X € %)

Q) (Frel.vsess CmmUHan). 1f XeX(V), —hen 3 Smooth %ncﬁd‘h,
Ciy.- 5 Cy SU\CH, _H’\G})
XZZ&@O%

v The above propestkion &12{& W) %o W -madue o Tank m,
With {%ﬁ; b o baus-

> Vector tield  on Manifold M.

mjm{ Vectoe Fold Nector fed o,  XP€ ToM ¥peM.

Same Def" as above with The addiitnal  Conditin, Mcyg R"
ormel Vector fiedd. A W Xon M it called a normal V1 x()e (M) dpeM.

- % M) %hrgevﬁ \(Fg Note thad *(m) may-not bea free modwe  over
(= (M)

- Mu R—mam{;\d n K7 NGTD, _I;)M < Tﬁk So, LTM)-L makes Sene- /&\mﬁaﬂ/g ’
We Gn  define eveannj {or  wanipld.

= Example.  S={'()  meplat koks. Then V& s Norewd vector freld.
Morale TP S a k—r%dan Lenet Svauce, n R™S J o unit normal
Nector- field X an S, So thak,

SOR (?)}1% I 1 pes.
~£ix)

Emmjg. Y\-rejﬁLde-s mR™, S=f0) . X&)= TNfeo|



# Bhaw thar g% 1%y U a dangnd Feld

=H= - = i @_- 3_ _a_. (4 R 3 l‘
X=-% azqﬂqall_ 7!.;_,3,3—&9(3 % » hn\a]emvf on S CKRY

ZLectune - 16
Qgﬂ: AQﬂZn, ‘qun. ‘svt:olozZCal baurr:'a\n?

OA=1 2eR"; N0, BreNASH P
Bxe) NA+ @

Examples. @) D= Bao1)ER; 0D= 5. | Cxerdse. ASRY Then
A % Cosed tn

@ A= R ck, dA-R R™
Def: SCRY i Sad to Auwe N-dim Cokent 0 i given €00 TFK, ke

of S bj Closed  Jechangles  in R Such. thats
¥

7 Nol (ki) <g
000 ZTQBT?T Lovse Shed R
| ectuote - 7 Dabe & 19/09/24
Nanm OE

® Suppese  WCRY W = 33— xm, 00) x;étRB-TEen n-dim  measwie O
(D Sukset o measwr Zero i ebesque.  easueable.  and have  measune O-
@ AW, then  m(A)=a. Exampier §SR® has measure Zero.

@ serM = 2%=2(Rs) O Q vegim > 5¢Q % a egion
@Le%, S be a sd & dmbek Zeo, Hun It (S)=¢ <o, Sc s

@ (TFARB S has Cankent  Zero  and %Vﬁ--,k@ e Cavet 63; S, then §h,~-,\<.\}
aso  Covers S, If S I Gmlent Zeo then S % fnegiem.-

FRer PAL. —Fx=
Warm up. © (3\€Pi> Chome, €07 kg JLabi)x[€ £ Comy on..
M=mH -
\)o\(l(€>= é.

@(5«92) NE @ LART ™4™ [ Courtable union o wmeasune Zera] * M(W)=0-



Theorem.. @ Lel, f: U5 R™ be Cnk and K<SU bo  Compack . Then
aw‘Px"CHQ Aas i) div  Cankent Zevo-
Let, X €W (an ahfme subspace of K")  with dim(W)<n - Then X
as  Cokend FZero. (Check Mail )
C,Gmuaﬂﬂ. Open/oloﬁeA disk m R % 31%{‘60, RO,
@ Closeci/Semi—G?evL m-dim  Jechngle T IR" 4 a Jeglon- m\a)
apen &

Riemann Iv&ejmkcn. ( Sevoral Variab la)

Yotkition <No GardW; [ Jinnah. z&mmea‘). A portition  of o closed Stectangle
Tlaw] 8 o doecton P-(F.-,R), B % Portttdten 5@ [z, bi)-
E'j’ [a b ]x[ayb2)  and H- %a{=%o<--~ <he=b)

f=§a00 €S=by}

Wen) [Qu bl] X [az/bzfj = U [JE'H fc,Hj XES-,, S‘;ﬂ.

G< ik~
A< /-
oé’(‘ \

Tt's  caled Sub-Tectargulant  povtftdion. -
ad ¥

Def™: ( Reg':nemervo I each &ab-fcchyj\&/\ v Conlained in o Si)b-mahvale a!; P. Then Y
s gefinement o P

Uppeﬂ and Lewer Femamnm Sum.

P be the Parvﬁﬁcn 6% k- for each gubﬁ'[edw\a)e S <$¥ P, define

m(H= i { M= se

Lowgt Re Sam Upper R Sum
L {5p)= > miove)  + U(6p)= 2 M vel(©
5- b esm%i%\e
a‘%"ﬂn 4?

For Yefimeme nis LC%;“P) éL(ﬂ Fl) £) < inf U (1
U({-;P) > UH’;?/> J:} Sq‘DMPL( )?) CYP"(Z ( >?>

Def let, K be a cosed meduvg\e ' RN fik=R" 3 bdd
function & culed Riemann Iﬂ}e\cjm)( %9 %‘) Lifp) = I%v? UEsP)e And
Mis value % dersted bj &FC%«HM duA-- ad,



WON»WL- ]—-21[) {7 W BRI on dmsed Set K. Then ‘%YgZVLY\ g€, we
LR pattition P So that, U(t;%) - LI6P) <&,

Theotem: K % ciosed - The  + bdd € R(K) iH {%ek: £ disnt a2 ros
measwie  Zefo-

Def™ let, 0 be a ‘fﬂeﬁim n R" and 1C “bdd on Q- leh K he dosed ‘Zﬂea-}ag\a
Coner'lea Q, defne, {ik—R o,

fe (0= iw%d), xel2
0 xéQ

A'Yb\ Wwe d?fﬁn&s S 'F("l; 7k'\> 1= S 'PK Lx“)"‘) IW>JW7"J1\4
Q K
Exee: Show that the  above def™ % ndependent- of the chie. £ k-

Thearem. Q. i Jheggian feR@N b (@) W JxeQ:f » rot @al x}
Anas  measwne  Zeso-

Lectoe - 12 Dkt 23/oa]24

Warm Up
A xcr" Fove +that 2(%) <x.

® ox cox (B9 x-loilng)

O If X a vegon X ao a vegon.

“Theorem.. Suﬁwse Q% Megim. W R then a bdd functton { o D € R(Q)
W D) = et % disent at xQ

(ASSuWW\j the praf u done for box  Ylege

on )
Prof. Let, K be a doed ruckgle-  Conlining Q- (*) = i‘s’éﬂ on %m'
on

Since, fe RCQ) 7 ;ﬁe R(k)- Df (K) x\a& meadhune Zeto = D; (2) hat MmZ

@:) D{ (Q—> Pt measwie Zew. Now,

D7 (K) = D(a) U {xat: Fi ot condk od %2
<Dp(n) O 22

_— Meadwe Zed
> feR(k)

Therem. e, QO be a segion. K"
a) Ley £,9 € R(2), Hhen {19 eR(a). Tha Fi9 € R(D).



b) Tf f¢ R(@), then cfer). e) If, {9e k(2), {9 ¢r(a)-
¢) f9e¢ R(2), 49 then S€< fg. Hnit: Whed %
Dea (2) 7
9 T feR(e) then | l6) < [1. 9
0 ¥ol

TTheoremn: Suppese Q2= AUB , Aand B ome Tegans and ek (A) i (B) - ¢
T8, fe R(®), Then

D HRE) DTeR@ i) J Lol (Aposter)
Mean\/am “Theorem. EFon - Kiemann Iv\kejmk-

Suppose 2 % a Yegion and £9€ R(2) Such that Jowo N e
J._e.‘r, m= o fy, M= Sup (). Then there exur 2¢ [YY)/M:) Such_

+Hhat, J?-& = 2 Kg,
Rroof. (case 1) JQ =0 then, _épjzo

(Cose) _{L%m.mw defne = f§  Check, A€[mM] (“"{Tv‘;’% QAAM)'
I
Cmuanﬂl. Let, L2 be a Compact jwﬁﬁon. ﬁ,jeRc&) and 8&»0 NyeQ.

O If Q% Connected and § % cmbt- —thens
_(87_10'3 Cx.,-»,x& = L) jcj ‘
O
® [f = fewlle) foo ome xcQ

Fof. @ Use TVT  and MVT Sy the Set of  Condent Zm  and

{?',/5 any bdd function. on S- Then

@ Prlevicus pant- f€RT)  and f’"rbq,»-,w,) d, - dx, =0
S

Coroxlarﬂ Suppose L % a negion  and feR(a) . Suppese, g » bdd
6h > s-4.
\O an 018, WO ‘,
4= i \ ot cc/v:/rQ.o { Then,
o g '

© ge Re2) @Jg=§?.
Frosl. © e Dy (2) JM masune  Zo.
Dg (@) = Dﬁ Q2 S)U Dj (S> Fg () (\CQ/S—J [D3C52>ﬂ$j

Cankend Zevo

= Dﬁ(ﬂ/&) [DﬂcQ/S m}(Q j U




[ D (213 (aL)
N——

mMeadunld

2Zefo-

So, we  aole dme. .



Fubinis Hesem.

“Thesrem.. ose £ Riemanm .Megra/b\e and Cfs gumho‘n_ Z0.
Then, 1) Qs Negion (i) Vel()= jw)o\x

Prood- 1)_0. 1% mezim as bounded and D0 Has Goterd  Zevo.

0= %_(.ij)i xe[@p], 0 <y d(nﬂ

) Vol J 1. ( Hmwak)

“Theorerm. SL& Compact  vteglon, P8R cont vor TThen,

0 =j@ Y s, 0_434@9 5 a Tegen and VelCa)= Jfeo ds
S

" Theste m. (Fﬁb.ms Mem) SaPPose, R= TTE%F.) ¢k fifR>R % an Tnkjmble
also  assume that the mkﬁmds =t

9 (% x0) = J Hx:, Yoty Yo ) 2o (4 ) exiuk
An b
| 32(_743 )L\ ),) S NCTEL * L/‘jvri) d %+ (Ljv\’f) axsts
’ | Qy-
Then, SRW) = §(( g fro) dx,) )
a(

Q' lebh D be a veglon. in R lying ower the triangle (00.0), (40,0, (11,0)-

and bdd abosve bj Z-xy - Find Vei(-02)
Themem1=> Vol (2) = [fwp dedy {1 A>R /A_,
A
/

‘/\: ) - o M “j?l 2_ [l
Edend f:O0—Rby () f ‘ e er=0 S A e oerere,
e (o)

fouy) ik g <x
Now,
chek
J\‘ - S{(m)mg =1l
5ij Whan Y heo- §9,19) =23
When ﬂ>z_ S‘{'\C"):%‘

Q S= iC’Gj)elRZ: xq*j‘ <q, , tjmg {:9— K 1%«,3):3,

a, 0 —
D- Cadd o) : Tpok 625
J7-14 - 1
D S

a
Ehdj): Y o Yae 3> 19,.( - hx
io U 4 Jde § ‘3):%% )
> h) = Sﬁdy= q‘lixm

Q@

[heo= &y~ Load - a3 g0
B 3 3



Q. 0= % (x92) : 203 905 lﬁ’SZé‘{g P (e =x

D= [o2] x[o,2]x Lo, 4] — exiend { hee
| X h Zy Oy ii

j(‘f“i) @)= i‘
0 Uh Zxh
4 9
S, %(X,tj)z ‘SCJUM)(Q)AZ = flclz = 1(4—1’331)
0 Xy
e

/Bll( ): /L(x/j) "hy>
4 SL ‘ T e k() = 2(4_,(331)

0w

C —

f: ok



LGdWTe —19 Date s - 26/09/zy
Comﬂwz«jz- (MVT for Riemann. Trﬂejfod) PPJVZA n Lec-13-
Warm Up: XCR then 0X)ecox, TH¥ Xi# « meZCm So s X.

Recall, la&t theorem i Lec -13:
O 0% Slegeonin R f: =R % comtinaous then, iji%qun)a\? =;Y§(<i§zu.-m>§l£
Farthermore, % 0y ) &7 =§L&x,.ﬂx5 &z

# Complete the prof o Cotolazy 2.

C’iwnje of Voriables.

“Theorems Sup ose, U 15 n 1 and 8:0"—>1R“ o Ohe-ohe ¢~ %Y\C:}TGYL
Such Thad, o\d(DZCt))%o ¥x e 0 Moresver > e  assume,

D a(U) % Iegion
2) %ERCZCUH Zy
3) The map U= R, 4> fo3(q) ldei(ogun)]  R-integrable

Then, JPM,.,M E J 5305(9.,'»,‘4") | det (oa@.,».,%))ldq.
5(0) v

Check. @) TMT S%s, 8(\)) % open.

b) guff)asa that O 01)@()_7 :U—HRM W Ohe- One al %un(’)r?d‘n, St dd<0861)) £0
M el and thad ﬁdu)% a. Jegion.. Assume,

) 9 exends fo a c-map on an open Sek V  onfoining U.
i) £ exterds to a Conb WP on an  oen S W Comleining J(0)-

Frove thad, 2) and 3) o the theorem cudomalically Follows.

Example.-

D Riloil— ®* (Lot a<b). ht) {0-9btta, o) ; Then Ran(h) =[ab] x5S
Which  het  2-dim  Content Zerg.

2) T o] —RY b @u(;-t)wb,o).
UOM these  examples ?
3) y: [O.Tr/q_)—> |R2, t— (CdSh an‘\:) Céhéﬁk l_ad@Y)

4) NEE (o,g) x(o,'ri;)—> ]RS; (T,B) = (‘('wse, rSin©, O).

Recat), /\Ssgnmaw{ (6}\_) ‘



Def": @) Suppse (W) % @ pollemetitzed N-Swfae tn R™ and bw) =R @
Smooth ]QAV\CHGVL, We define

X (w1 a
§ fe0 a7 = § fov(uru) do ( L) 3 dz.

Hn) o) N (> W)
b) We debine, Nol($(@)) t= J 14T = j M("'(“ﬁ"’“’))a‘-ﬁ
H)L_Q) QO N (W, M)

~~— Back o example
) Vol(htond) =¢  steps= D@l h) # poametrized 1-Sofoe in KE

ordli f X=2h 2 4 B O a2,
) Wi Co%ralx.mde vf X=n 2134, (g
oY,
) = rb\P B Wz 2 — — Q- 8 ¢ - - __3_ wm l
R N T R R G TEE A
Nol aIY) =17
(Vo)) =T

= 2 4 b2t 0.2
lv) X, (%6) C“6ﬁ+5‘“9§j*°az

Xoli0)= (S0 F 1080 Byt0 2y \ol(W(oam ) = e
N(so) = 2—9372 3
LQCfUUle < Z.O Pate: 30/0q/2y

Alferna}cirlj Tensars on a fd- VS8

Recalh,  TH(v)i= Mukt(VK »z) and T (V) =V*- Tf se TE(V) and
dS(v), then @1 e THL(N).

e Ba of TRW)-

e 5K VK \aj pemwmj G-ordinates- O (01,...,ok)=(\7cnm»-»\>(y¢,,). Now  we
de?‘xm Ské Tk'

OTT(o.,..,:)k> t=T (o (3, 20) )
o Def": ky2, an cement TR(NV) % cCalled allesnating U for alk VU, €V,

B0y, %ty ) = = B (D505 ,3 Vi) T
* Defm: Let, V be a Fd s

O »1M)=R

@ A(v)=v*

) A¥(Y) = k—oluermlﬂinj movFS foom VxNx xv — R
Example.

DY RV = KOV, - €N )



@ de: VW >R (here m=dimv) € AO).
* Dimension cff INOE (:‘4)

Prop D AK(W) ¢T*(W) 2D @eA W) P,V .0 0k) =0
3) K dim(n) = TK()= oS-

PMPGSVUOYL: TeTK(V) TFAE,
®SVLO—63K>TC\,5(»,H,V
@ O ¢ AKN)

Defn: Al s TR(V)—> TF (V)

AT (), ,00) =
)( | K) ZD’—ZSk J\Z} éanC@ TC\)W) ..... , OO’(k)B‘ .0

o) = S @) T 0w 04)

Note that
Im(A) = A (V) +

AU = 35 Sqnl(o) 04T
Tesy *

Pf‘o‘PGS?kTOYL: (A prgjection)
O Ak (alk (D)= Ask (7).
Rt back OQ Avfe,mai‘m\a) Tensor

Lo, fed@w) and f TET*W), we define  (T) (01, ,9k) = TU®, i)
Nowif, TE€ Ag(w) then £X(T) € AXV - So,

1 A w) — A(V).

Def" (Wedde product) TE€A(V)  and 3¢ A* (V) we define,

D> TAS=TS, we ddine AN)=K
2_) TAS = (K’rl)l A/&(_T@jg)
ki 41

L4l +
Cunatki OTAS € A(1) @ A (e D A0S gk
Theorem. TE€ AY), Se¢ AN)
D (SAS)AT= SAT+ SAT
D T A(st¢)=TAS+ Tas’
P OTNAS = TA(MS) = A(TAs)
P TAS = (K 6T
5> X(TAS) = f2(T) A £X(8)
© TAGAY) = (TA9ns = EOmI Ly (Tos@s)
K m
]FEovem. V. % a Vedor Spae  With, lagis %e,o,,.,ehj, | ot g_qlﬁn);é}
be the diad bagis-  Then

2
§EA G w e qend 2L A()



Froposbiont Vi, 9% €V and  Keh, 0;:%@1&, Lot A= (az)
_W;en’ (% A /\gék)(o"'r\jk> = Old {kx\( miner af Ve

A by
$a|eci'm3 the T ol 87w )

Lectune - 21

Lewxma: Leb V be o fdvs then, use +his o
D Let se T*() st Atfs) =0 {

o 2 Lt thesvem
D Al (A (Tes)®s') = Al (Teses) = AWT® Al (s@5)) lost dlay

Exercise. » 4?/\ /\<¢3< -kl Ab(pod 0 @9) (InJud?m)
9} 555/\1117/\% (&,9,,9,) = (925/\73)(02,03) ( Expand and clefinihm)

Corollony . D Suppose, i ()=n, Then (V) it amemka\ oy dd.
D 3.6, ,a3 be batn of Voad Te AT, o= Za“,mn;

T (W, wa) = ol (ay) Tew e ,)
Differentiad Torms

Lot UCRY e open. e define Qo(0)= (o) Loty { 3] 3 be bai o Tov
and. i%,,qﬁ? be the dual basis. forws  ane goen by,

weU— K{)J(/\‘(m)))
%, V(1) = Za@ ¢ (r)- Now o diffecerkial form  (onc-form) ¥ @ map
W os above wih D WP e A(THL)

De-Rham  diff on Zero foms: fecr(u
by oH(E() = DI (9 (9)-

2) Cls»--ﬂch, one ¢° ‘FMY\CHO'YVS'

). We define  df :U— o A (Tv)

FropostTron.  df e Q'(U) and df(p) - Z U’)?S]

Let, UCR™; be open and  Gmsider the (% mape p: R'—=R and (8, 4) Koy
Denote the  dR=dx-

Propos 110N, P dus], = ¢
D df = Z—i du € @ (v)-

Remark, {diyn Adey: 164e cand i ban o A(T0)

Def™: Lety Ug R Then @ diffecential kfom on U« map wiv- %)/\“(TQO) st

Iy W) € AX(TpL) D A - Adlyx % o Rform on O Chek that s Smotk:
Ex. Ahow That _C7-K<U) hoa {(& 0 (V) = module-



L echwe - 292 ] 10/ 24
( Last o{aﬁ: TA- DeRham o(iﬁle,ren)oial,) [ Re.cdiL, c{(w\yl): olm/w‘ 4 (rghoe w dy

Rops (Rech logt  priop® ol Lec 9_1>
Excs (Dcmz, jeskv'alaxjy Suppose,  w0i U — ‘gu A Swuch that W@ € A(TL)
then  weQ L) W the map U—K, P (Zh qu)f) s () ¥l

Aulback & differendial  forms
Recah, Suppose Tiv—=MW 5 we Dhave  T*: AS(W)— ARV

DefP: lah NVCR" and UcR™ and $iN—0U % & #f we_a* ()
We define £X(w) € QX(V) 1933

f*w)(?) = DFE (Wi

Observe thal, ¥Vi,.,9 €TV, we hae ($*w)(¥) (\7‘,..,,,\7& =
Wy (DF (Y1 -, D)

Pchs‘()ﬁm: fand w a8 above —hen F'we —O-K(V)'
Proot: (Not alo:rg)

s o 2
o D€(P>(‘%(“F\: J§ oy grx\‘lf,
Foposibion. 1 Lety VCR® — UgR™ % a ¢°- functton. and = (£,.,4)
‘H;\&Y\) "
D (dw) = 2 S g
J—_i

) Nw,w, €050, {1 (wrw) = fF(w)+ £ w)

) FCgw) = (9e6) W) 5 ge rw) and wEQK(W)

W) ]H(Ww\): f w A {th.

V) (hdga - Adxa) = (hof) ded (Df) dxga- - Adx,
V) “The \Collmo'mj diogram. Commdes <

1 K A Y

| f"(dj\ _ O‘CS@ V) —= 5 _o*"(V)

o P d(wAdc) ¢ l i ¥
= do ¥ (wadx) QX (v) -2 (v)

Feoet- (Nl umﬂwj)
@ - (A dun i)
= (T dl ) adtia A Ax-*w

=T PO ) A (e du)



— Zd Ll'\«'q ;‘Ko@> A §* (d?(.;l/\.../\o\x.*>

= 5 d e ) (A n A+ 3 (o) o U (o a i)

=d L L (haeg)ol (dn du"ﬂ A's A“:(ox-“ot)/\--- A (06
= d (F* (ZL\\,* dag, /\—-«-d’(in))

Example. & R*—R> J0) = (o, usior V)

w= (%) Jx/\a\ﬁ + T dLAdT T Y JM/\JZ-

g*tw)= w 9" (ah(/\alﬂ + ucav S*QGHAJY)—* usiny 8*(«*‘3/\4\2)
= y* [o{(uww)/\c\(u&m)) + U cosv (J(uww)A::W) + Usinv (O\(}LS‘W\V)/\A\/)

-

- ur [( Cov M~ Sinw aw)/\ (S‘mv dw 4 weosv o\J) +  Ueow ( oV dW\dV) +u ginrd duady

WA+ uce'V duAadv) +u SV di Adv
—_-@hu ) du AV

:[ﬂtesr‘ak?m 4 forms.

Def™: Let, 2CR” be anegian and deb §% % be the ordered bosis on K™
W = dya - ada then,
Jw:-- g f dx- dx,
“Thearems Let, 0 cR" be o\—][%zm and let a:.Q—» R be onhe-one - map Wit dd(oam)w NY €Q
Moveover  Ossume
i 3(11) ¥ Jegion
iy W=f dya--Ade, Whee, feR(a(__Q_)),
iy foq det(pq) €R(Q) Then,

Jo = Jguw.
J2) <«

|_ectune - 23
va‘rcjfaif on o¥ Rforms  on. Poncxmeh? zed k- form.

Lot (2,W) be o patametrized k-Swface o K" and ek we QF(W(Q)

[0 defined on an open Seb V2 W(0) tn R ] 5 W= j\\}*("‘)).
V(o) 0

Remarrk s Note that the above defimition o{epemls on farlamdﬂfwffcn_.

gg' q)) \P/ ' [Glr.] —> qubj X%O? c IRQB \Pu—) = (J‘H b"’ ta j\P*(d’-) + S\P/* (.41)
Y= (-Das tb

Thesvrerns Let, (2,%) and  (22W) be 4wo potamedrized  Soface  Suck thak



V(@) =9(n,) and d(yhy)mre Frea. Tha for weo*W(e))

S = S%*w
<, <,

onf?' Jwro= [@hp)rey w

@, &

"
= § (Gowrow)

Def": Suppose. VilaEI— RN ® & st
I Y@) =Y (b)
D ¥ ohe-one in (ab)
3> DO(L) has Fank | & te[an]

4 we.a‘(x[a.ﬂ) define Sw:) j;’*w
YQ[Q.»,] [a%

Def®: (I’recaw'vse_ Smevth Pafla"meh’?i‘eo' wae) s a S C=CQUuGU-- UCs wWhere
G=Y(v) 5 VUi ane open  Set (Reéar{’cn) Ry I we o (quUG), then defire

[o-7 lw

C =G
Integration of k-form. on oriented Manifild

Def: B:S a L—Fovm on o kmanifold MSR™ 5 We mMmean an  element 6’, *N)  where V B apen-
Skin  R® Conkaining M.

Recall. TF peM; oM €ToR™  Soif, @eQf (M), ¥pem  oxp)e N(TM).
Defs Let, M be o mancfod K", A non- Vanishin kfoem on M % an elemest

we (M) Such thak, glvem_ PeM, A9y ETpM  Such thak
wf (\’I:-")\sﬁ) :}:0 )VL PéM

Lemma &Ppose, weok(Mm) me—\/qv\isvwnj. Let, xeM, # {V.,...,Vé any
basn o Tx M then,
0061) (“)Ia"' )3‘1) _71:0

Fad: Lot VuoyVy bea basut  Jor adich 006 (Vi 3)=0
“Then 105(1 W, - ~7l”y\ we hhave Akw St AwVizwi. So, w(x)(uo.,..,wn):de!(k)w(m)(v,,,,@

Def: A kwanifid i [orealable] % T w e 0x (M), mn-\/av\zd«inj.
# An otienked kmanibd Min B2 % a pic (MR), ahee W% o0 - Vanishing:



A bass df {\7‘, 0&3 €™M B 2ald o be We—lj oriented % W (v, e >>o
ﬁmulw‘dﬁ we dn cﬁ&{ame. —Ve orienfedion -

2 Al Godinade (OW) 0& M % called  oriemdalion.  polesenving, % ix.(y),,,..,xk(p)g noa
pesihively orfented basis o TepM Vpev: LReal: %)= DY) (2,)\) ]

EXaM(D\@ S={® be a Nej,uﬁaﬂ n43$ i R™ Then S oviestable
Pf‘06§2 Ld) V be anopen S in R™ C’m}wm‘r\j S. Define,

Wi N— O (A TR™)

UO(?») (,vn-“')\?n) dd ( \ ')NCSVZ M V{'S gmcb‘ﬁ« QY\:J M'Vaniswflj-
Vf(*)

¥
Lemmz SWOSQ (Mw) % an orienked R manifold: Ther Ta focd PoquMT??aﬂo‘rL
(LY) oaround x  Whech % oriendadion Ps\e&nﬁr:j.

Parkikion of unity.

Suppe ™M 18 a compaci-manifod  and (U.;W’> ove locl portametizadion st UW (w1
Let, %Q.,-,fsé be a pariikion o{ Unidy  Sub- odinate Yo "W (U by this we ' mean
-H’\Q &MGUO\YS

‘F\\“’gs" M—’)\R) @& and -?1?,0,

D7 @) =1 NgeM

3) Supp (£) €W,

Iv\ieﬁrai'\ov\ & kforms  on Manibld :

Assume (Mw) i orienfed. Consider a Ponlditm q unity 63 Qb odinadle fo  orienkdton priesexving
docal (o ardinates (As,mm\ ). Then,

M)

=2 e

M

* Thesrem. The above def™ % mdepmo\en} 0§ the oOvientdin W&Wm el oodingles  and  The

Cheice &  pakikion. ¢} wv,ﬂ

| ecture - 24 Bl ffefay

*—Tﬁecmem‘. Let, (Mw) be orffeted KR-manifld n R and z€M- Then These
% an orienfadion presesving local  Co-otdinate  (U,¥) anound X«

lr\)wtm.ujD:
(T+o) 1
O det (Kon%y)v0 @ TEAV S that dim(V)=n and {V., ¥ B



bodip of V then Ty 59n) Yo or Zo.

Def*s Lat, V bea fd vg and Te A(W), T#o, A )ufneordj
independent  Se& 4V, Vk§ % Sald o ke tvely  orienfed
wret T W§ T (o, d%) >a

3 \/Oanmuj: v Lo, dim()=n  and WiV o dim ken. Leb, Terw)
St T+0 at an elemenk of AR(W) For any bat3s i\?h"')\}lﬁg 4
W TW,-, Vg) >0 of T, 5Vk) <o-

Prco’]E of Theorem®, ey, (UY) be a loc Poﬂameﬁrfi‘vd?cm,o WLOG, () &
Connected open 3’\22[6‘()_-

The mapd: U R given by & = w(Y@0) (X0, X W) % Conkinucusy
hete, Xi ovle  Conk- V‘FZL deng Y- As ix',cu) forms a bagis  of TTg,M and
WlYW) #0 a8 an  element of A (TgM)5 S bj wWortm  up —3,

Ran (&) € CO/W) or (- 0) J:us"ﬁ C.av\v\eaﬁw:jj
o T{, Ran (B) ¢ (o) Hhere % Y)oﬂzu‘rﬂ +o do-

* T Ran (&) (-=0), define U':%Lm,.».‘&)émk: (% %y n)éug define W0 —M
i The nalwiad  way, Call the e Coodmale X L xEe S,

WP W) (X W, X w)yo N ueu.’ |

The Volume Form.

Def™s Leot, W be a Subspace o v, dim (W) =k, dim (¥) =1,
Suﬂ:c’se Te A(v) Such thak T#o o0& an element of
A(W) - Then the Signed \slume of the Paﬂaue\olu’?ed
Spanned bj R- vectars ~— §Vin- 2V}

t Jda&uvy) U Ve orientodion

Wt T
- o\ﬁ(@bo» % —Ve OYientodian
weet T

* Example % (M,w)——cﬂen*eol manifold 6} R"
Let, Vi= TER™ 5 wi=ToM  ;T=0w, e A* (TpM). Now,

i% ?}Zomaok} % l?nea)ljﬂ delDéX\olﬁij > wPC’\7|-’-»~7\jK> =0
¥ '(% lmaa)w‘hj alq;ex»owv? > Tallow the cléf?“(ﬁ/oo CaAes>



Def™ % Llot, (Mw) be orented manipld n K- A volume form. on M
% a Rform  dvwly on M Swh That ¥ze€M and 3001(‘ any e ly
otiented bass of i M (0t w),

oLVo]M (%) C\Jnrma\jr.) = S’gnep\ Volume O’}
panallelo FZP"\e"
%\719"“ ? QKE

I?EMARK:@ T0 (M,w) % an oftented manifold then Fa \/ofume;l;‘rm_
and  It's um‘ﬂwe»

E-a. Consider the 2- L5 R m Ry S=16), iR* =R (3y2)+2Z Thn

WE) (M, V) = da(i; > % a mon-Vanishing fom & (R w) % duag-
Ve

Example- lot, S=f1() be a nts n R™ let, w0 be the orientadion

form  on S defined by, WO L.,V = d (v, v, H@) 5 then
the Volume {Zo-(m_ jecr (sw) # dvo) () (9s,. ,h) :ok*(\),,_, 5 Vn, M)
I e )l

! Claim —hat I__cl\m\(*)b?.,»-,\%)jzzold <<\9-.,\?;>> and  Complete  the Pﬁm’%.

for seqular  K-devek Sw/%m'. ek \: >é)\/ﬁﬁum2 )Ctsvm—
%

“h

Def"s Lot (Mw) be oriented EmamPd m R"  and d\roilyl be
the Volume Forme

D I R (M), we define  § Fi= [ dwly
M M
3) \ol (M) = jf
M

— Theorem: fec® M) and §>0, then f(dv&fM >0.

Compack M
Lemmas (M, @) be  orended /k-marﬂold in R" and (UY) be an orlentadion

Pﬁewv'mj Aocal Parla metiZation - Such that O U %%m and the
funeH on
oleng : U—R h—>  det <<)('\@L))X3(x\>> %\ X—l ane V-f 2

odo‘ns wv)
B bl on U, then | Edvay = [ () TaeR@w) o du
(o) Y

Remexoer & 35) (2)= X309 5 X W) «— Riemomian. Mekic on M.

S Pod (UY) be ottenkation  peserving  local paemerizabion
mﬁm A F0 >0, Mgu,ﬂ Y, - :\|J)U

U
o, Ad(ﬂ) % bd on ,B@)* (0, ) = de%& % bdd on BC‘-\’"(:(),:L), As
$R) § Covexrs M; U har a finite  Covor and a Pclh)&'vﬁcn 6& Leni fy Subp-srol



o the cover. Then,
\I ’g dVOiM = Z \g
M ¥

‘FL F A\/O(M
(Ux;)

Neuo appy the  lerma. n

PTGO¥ 6? \amma s
St dvel, = J Y (raw)
W(v) Y
= j h dwa- Aduk [_A&'Wr(‘cv°""> € (u)]

Now, h(w) oy A- - Adluy Q%u. y s ?_ug> = h(W) =(kY)W dvau@ ()(.N):—-—;XK(_‘A))
= +({fev) () Jk 66, %50

LQM@ - 25 Dae: 28] 10 2y

Example ¢ (The closed upper haf plame  in ﬂ?l>

UNP:= 3 ey 1y 208 € R®. (R — K D)z, (e92) oy
UHP =) n g'Cnels Theme ofle two dype of points Tn OWP,

1«? -
///)V//

Boundary of UHP cR® s UK

1?&3441001 n-Levet  Swiface in R™  With bmmolaﬂ:'.

Defny T4 s a Subset o{ iR o? The @m‘mp
R
S=te) n ( Ng'Cmal)

. O o ‘
\Where, &+ ViceR IR} alLt awie ¢ With ,

f: Ve g
O Vi) 0, ¥pe '@
O F@O0g'@Ns=g ¥y T
® Vie{in. .k, ivr(p),Vg;@)g % Lineatky independent  N¥p € &7 (NS

We defie. the manifold  baunday  of S = e OuS:i= Sn(Qg{‘Cc-.)) and_
i S = S\AmS- ‘

Example: O#P n R2 % a 2-Ls wm RS itk bawnolamj,



Exe\"cvse,:@ﬁe dosed  uppat half  plane K“> Ry ©= gl(z\,m,n):n»o;

Now, R} =€'(0)0 & Comed 5 f1R™M >k 15 debined by, Fou ) =% 5 G ) =-xn

Example: (closed appot zVue,w‘S(%me)
PRS- R 5 (an) o wenas? S={'WNG" o0 NS @

8,7 ‘R3—>lR; (ﬁ)xl,x3)}—> ‘Xj

£+ ey :
4 -2 S+ 6> agCor ] g7 (o]
Bt

2

Remak : Repealabion o e definthion.. + §Vg.(P. V@) % wol LT

!V\)oomflné. Topological boundany  &f  SCR™ mayrot ke OMS.
Note. g @) ns W m%m-@-l)—\wa Swface i

—T;njeni: SpaLeS.

Def" lat, S e a n-dns on R™ o bounoQanb( ak obove . ¥,
pe S e define, TpS t= %veT R <VF4‘>),\>>=03,

Nole, oem CTPS> n ¥pes.

Remonks T P€ DmS, then 31 ie { o kS st ped'@dn g

DefPy Lo, Pedus and veTps. Lel, tefh-K3 pedi (@) s

2 v » culed owoatd poinking % {9, Y% () >o
2 Vb Glled irwand Fai‘v\%‘?na U <V, Vg > <o

P v Janged b bamolwluj {9 Vg (MY =0
by 9w mrmai fo bdny ~5E <00 —o N WETS Fhat o mjw
Yo band,

Tp (ns) = {veTes : <wvgy =05 = {wm. g )"
® Normal VeTpS iff VGQ'PQMSY NT;s)

° AT unit wector ¥ hormal b the bouno\aﬂﬁ and pu’nﬂhg ot and
1€ (¥, Vg®> >0 % peF (INS.

Ructher more,  Vf 1 V8, then e

unit  Vector % 4: (p)
I 4o\

o(Lm =n-|




Leckure -26 a9/
Ex (Calinde.r over n- Sunpace n Rm)

Le%, L0 R — R be a0 ¢ gt $={'0© % a qregat n-15 n R Define,
UsR— R by fuo =fw. Define, 9,910 R—R by, (2%, 50m) = = Tz G 00 2t) =T TThe
Cyfinder  over s s debned a8 11N 2] N9 (91] =5, Rove Hhat W5 a Tiggudore ()= LS. n RM?
With bouno\wﬂ.

@ Contraction Qg a ;’fm"m_ log, a Vector Sield.

&,ﬂm VIR —open , Xe%(V), weo () The Conbrodichion of 0 by X
is  defned a6 Ly — U A(TV) by,
9ev

(4 ) (P) (V1yerer¥y) = W0O(R) (X(P), \'.,--»-,VK-.>
Ex. Chack ot fxw € 2% (V) [E4P: P= bw (il 235 1) 8 ]
@ Tnduced ovientakion on the bcunolanﬂ

let, S ke a‘ﬂeaulan.«lxs With boundary. Let, zedmS and L be Swh thot
1.68"(6-.305- The nduced  orientalion. on 9uS % Fven by EX,WL, Where
X;

Lo

w ok () The (meclue cWwartd Yector Marmal o the bwdaﬂ.

S~ & @)ns

“The examlzle o@ upper f\aJ& Plam.

R} =4 Gy, ) s %203 LR —R (A %) > %
R — R (@ %) b~
The. ovientation fcrm an R} W dﬁ\/\.--—»/\d/\j“H . &*PPGSQ: e Om R .
As V/f’(tLLVgCﬁo So The Unique. cudward Pojrvt‘mj unét veetor  normal Yo the
bctméamﬂ %
Vi _ o N
INgeoll %)y =

Then the induced otientotion.  on OmIRL % Given by L (oA~ AdYa)
Newo, Tn(dy, 4 Ady,) &) = L -3 (dy | A A o{‘j“\l> . Obseive  thak,

b (g hea-- Adﬁ"t"> GO k%,\x.)“‘>g§(n4> - Q\j\/\' ' Ad\j")(—?—‘dﬁg—‘hy)

e

N =even “:on
in(—)= A Adyyy W)= —dy A AdYa
| i ™ T S
+ve oented basis 139 %} TN ovented  oasis {[?A\l«wwnﬂg




let, Sbe as above. A locd Panamh:"faﬂm G’f S % a map o} the {%Ucuoma
s
D WwiuCR" —5R™ 5 Such that Rn(¥) ¢S and W) % a lowd
Panamﬁrii’ai‘im m  Tthe usual Semse.

17‘> VY:VAR} — S 5\/0Pu\ m R" and WiV R"™ % local Panqmdﬂ%’q%‘im
Such that an(‘PIanR..> )

/BM S

N4

L TN R™
VAR, S

i"jPe 2

“Thestem s lLet, S a8 above - T, PES then I a local panamelriZakion.  Tn the
Sense o} albsve def™ . Tf PpeInk(s), then the Pporam  Can be chasen to be of
gmm Do

TPy PedpS then the parametrization is f e o i Thws S can be  Coverred by
Tmaaes 4 Local pestam. &F the fom Iy ori> - TP S % ovended and xS, Jan
Otienfud Ton preserving Aocdl Pmamaﬁ:w:m artound %

@ Steke’s  Theorem

Theorem ¢ Lety S be a Compaet ofiented - nhkS I R™M  with baunc\anﬂ and
QquIp OmMS Wit The Trdiced ovienfadion « e, w e Q"' Then

5otw= (w
S

IMmS

Corollany.  S=[ve] 5 3= Sa kY. = [P = §1 = fo)-fe (FTA)
0 aﬂj v) '€0\ 3 [;3‘34 B %M)g ) pl

@ Glreev\’s _Iﬁacrem.

(o ()
v f(%j:%): 4
%/ Sz Fo)ngr (v ed 0 95" (2,0] 093" (0,6) N9 (-] — 3(( ;fﬁ
e : i
rd 3 ( 7
(o) ) ‘543( ):;,,

Sine  the bcundrj Comparent meds  S%  not a vegdan 2-45 in R wi  boundaw.
T Sy Zi’ven. the orienfation. dxAdy , 93 Can be Foven Counder  clock wwe  Grienk align.

Vi (k) = (4o) G ()= (-¢,1) Ovekadion  on ¥} = dx
Y, @)= () T, () = Cori-v)






Lechme -7 an)2y

L_Z’\'D S: P"<C>m<6la:l (‘_DO,C{]D b@ o T[,YLJ,S mn IRT\'H WO bM‘U‘wﬂ

L ot, Dom({)=0, Dom (g7) = Ui Show that Jopen Seis Up cuvind S0 Hhat,
O ale open in R™, " UinU =g Tf, 14 Such thab
®
Ve LJUL —»u —EIKN\
LIy,

Then, A0=Vice) 4 xel and W) = IHE© - THDI) D

IV el T % well  defined.
@ Show that zea.:' @Ns, then ) “ Norm 6{ the above’
the  ouwrwaid Fuiv&'.nj Nector  Narmal
o The botmdtm\k}-

Answee @) GINgi(E) = ¢ 5 W06 U e disink. Naw ke, Ui be the open Sef
Where  § V9,0, Vf$ arte LT
@ Do it by dounsdg V@ #o (why?)

©® ®Mgence ~ [heorem..

Def®s Lel, UCR" be open and x€ ¥QV)  Such fat  X= = {35 -

Then  div(¥)= ) %- TH XY € £(0)5 defne (XV):U— R by P K@
|

A I/Oamwa P ILM % a mantfdd and Xex(m), then the def® o div(x)
% diffrenk-

“ Alixdvely) = div(x) dvelpy

Then show that all these subsets have the following property ( for a certain choice
of n in each of the cases ), which we shall call Property ® for the moment:

S is a compact regular n-surface with boundary in R™1 of the form f~1(0) N
(ME_1g; ' (=00, ci]) with f:R"™ — R defined by f(w1, -, Tnt1) = Tnt1.

Note that if S satisfies property *, then S C R"™ x {0}.

Examples  Closed lodll, annulus
- Pl defined
Non axqm(sja: (éo-mefm»ﬁ hon- ?lwk) (Riemann Gowadune demor=o) ™ <7

T
> Bang



Exce ) T S% a Compact 3 nds  n K™ then S hot (nr)-dim
Contenk  Zero.

) ?;PPOT’;XX%'M P’”F“}‘j @ Let, Si=3f\5.:‘(<"i> then S % A () A-S

3) Shas propery (. Let, S% Sen at  Subspoce & R"xyo3.
OpS = Hhe dop. boundawy of s c R"x$05.

9@5 = gmg

“Theovem .

lat, S has the foperty (X, Suf;pcse. X 8 a Vf defined on an PN
SubSet  V/ 01{ IR“x}oj Such that S¢cV/« leh, v denote the stientadion PﬂeSe\'anj
wnit V¥ ormal to the \oamxaafj. Then

JAEV(X) &Vols = S <XV dVo\ S
S S

Lemma.

(a) Suppose V is a vector space of dimension n and {ey,---e,} is an orthonormal
basis of V. If X, Y € A™(V) are such that X(ey,---e,) = Y(e1,---€,), then
prove that X =Y as elements of A™(V).

(b) Suppose M is a compact k-manifold in R™ and w,n are k-forms on M.

Recall that this means that there exists an open set W in R™ which contains
M and that w,n € Q¥(W).
Suppose for all z € M and for all {vy,---v,} in T, M, we have

w(z) (v, -+ -vn) = n(x)(v1, - - - vn).

Prove that wa = f\ 17

(c) If S has the property * as in the previous problem, and X is a vector field
defined on an open subset V' of R™ containing S, then prove that X can be
extended to a smooth vector field on the set V' x R which is an open set in
Rn-{»l.

(d) Suppose S has the property * as in the previous problem. If zq,---x,, Ty 41
denotes the co-ordinates on R"*! and the orientation form on R" is defined to
be dxi ANdxs A -+ A dx,, then prove that

dvolg = dxy Adxs -+ - dx,,.

(e) Suppose S has the property * as in the previous problem so that we have
dvolg = dz1 A dxs - - - A\ dxy,. Prove that

-z'f”;_;(dvolg) = (—1)jfjd;1:1 ANdxo A--- N CTI\J A Ndey, = c’,i\/ X) O‘NOIS
= = d(ixdwls)

where the symbol dz; means that dz; is not present in the term.



Remark: (BJ the  above \emm) J <i_3a%3 dy - dy, = S (zf-‘o;) dvel OmS
S i=l

e Proo]( o\f Di\/erﬁence “The grem .

BMg

Let, X=X F g—x Whee § € =(¥):  Define, X= Y\Z? e to %ﬂ, ¢ X(VxR) Frvr >k
| V= (xh -y n, “(uh) = ‘q'(f;\
Noto, é div()dvoly = jd{v (X) dvol ¢
A}

S

- ag ‘Lz@V°‘S> ( Sfoke’s Thesrem)
mS
Ptj Park (b) A the above femma enouzk Ho Showo, (LeNels) G (Vs y9n1)
= (<x,w>} dwvel ams)m (i >%)
V%,Oh--» > 0“73 € T;(BMS
Encqgk ‘o d'n‘e‘ok ;@ov io,,..n,o.‘.. 1: §25- @3 So, iQ.,..)e,mO(x)z w owb % T (R“XXOS)-
So, 7X@ =3 Lxe, &) & + LX) V). “Then

ix (JV@IS\(x)(e.,,, R en'l,) = @.vals)(x)()(m,&,w,em)
= (o‘ les)(z() ((Z(xm,eb 1€ 2En) ¥ ({xm»(z)) (), Q.. ,e..:.) )

= Q(m,om) ([V J,VoLs)(x) ZCU"' , Cm)
= @Iy d Vol ¢

Corou.c\ra: Let, QL CR%{y and V'R "x$0$ be as above ey, e ('), Then
V ;=')—~,Y\

S @i Aaqclxl--_olxn = S L. OL c!xotLgm_Q
n °x amﬂ

Infejm}im by fots. ( Same Sthucdion as abovc)

D §3Lg duode = - (02 dudn v (g deg
2 Q oML

2 I forg u Gampac-thy &Fpakd in ink(2), —then
%3 oo i = -S%‘L;u\e ... dota
o el

(Not witing e }wfw
@ Gireen's Theorem..
Laplaciar..  Af= div (9F)



_~ Novmal  olerivative.

@ Gl Aaud- AAF dy--- ox, 235\3-2% olvaLaMg > %% :Z%&f);

Ms

@ Green's Tdentity ™' [ <t vgy du o = -S“ﬂ du-dx 4 _él 335\71” dwl

Q0 n

@ Greer's Tdebitg™:  §($a9- 9a0)dn do = [({B-q ) dwly o

v J v
- ML
(Complete ~+he predt )
Lectwre- 28
Date. O?/H/Zq QWY)P&L‘HA&( Su‘apm“reé\ Amosth X\mcﬂmA
1

) &L{Dpose, Q,jé CZOC'RVO Brove thatk for atl -12,....n

J%&éd"' dx, = _J {’% dy--- dz (C,ho‘GSe _0_3
O n

) Suppme 0 hos property o) and f9¢ ().

s L 9 36 a0, 11 [ 3o
Green 19 fun B Af= Aq=0 PT. i 8
91 I D e
Aswer: () chase 10 s, &“PPG)A“PP(‘Z) ¢B@r). Note That %3 arle  Zeo GNn BM(B(OM)
Apply tlegudion by panks to Q= Pm (Blan)-

Def" s (Harmonic #uvnd‘.o-n). fe® % culed homenie % M=0.

* A Rirm W % dwoed ¥, dw=0
¢ A bfom w B exer %, I st owos

Exact gcrmé ane  closed . No the o—i'h'rwaj wiound. -

Rmeme lemmas UckM % Ste Shaped wrt 0, hen any  closed fom. %

éexact-

A U= R\$3. w- -2 olx+Laj oh U. Then W % dsed b not eradh.

x‘f"" Fx’)‘f‘j“
w =2m, vi[enn] —rR"\{e} Sos W Cadt be  Closed |
§( b —— (Caot, Smt) T @ Jom.
Cmf)u}inj alea % open- ;é
oll:sk m a ooierol waj! U, /j 0, (open panam - o- &w’f:@)
€ 6
AIIQ\// 7 VU//HL > CGVU‘H'E ORI\ A[SJ( bj E)U;.
U3 :/ 4 \L 1=
\féwe Chorse pootitdi on s unity Slc,,_..,QB
b/

Vol(M%:Z S‘C'.“‘U', q’;x(_c'\’o(m> < T+ B Q)

(V14



Next  Step. Suppert (£) € % (0 o gef; £=1 on (eaea )
2.4s with bdry PRV No)
Pyicp. L has praperty (). X a Yf on V'QRBX%E , Y- apen. -

The flux of Vxx ouhood oues o
[ 22\”«“ by, _\§Lc(iv (x) dvelg .

-~ ]Q(u/;k ¥an
sz&f. Flux = jl @v“

0

= J dwy
0

= g Wx :j <X,T'> O\Vo‘ D2
e oL > T=v ASS; 34,613

= Jolz\/@) o|\f0|_Q. 45~ altor midsem.
0

Ih—> Pne.mi’al&m



